REPRESENTATION ZETA FUNCTIONS OF NILPOTENT GROUPS 
AND GENERATING FUNCTIONS FOR WEYL GROUPS OF TYPE B 



ALEXANDER STASINSKI AND CHRISTOPHER VOLL 

Abstract. We study representation zeta functions of finitely generated, torsion-free 
nilpotent groups which are rational points of unipotent group schemes over rings of 
integers of number fields. Using the Kirillov orbit method and p-adic integration, 
we prove rationality and functional equations for almost all local factors of the Euler 
products of these zeta functions. 

We further give explicit formulae, in terms of Dedekind zeta functions, for the zeta 
functions of class- 2-nilpotent groups obtained from three infinite families of group 
schemes, generalising the integral Heisenberg group. As an immediate corollary, we 
obtain precise asymptotics for the representation growth of these groups, and key 
analytic properties of their zeta functions, such as meromorphic continuation. 

We express the local factors of these zeta functions in terms of generating functions 
for finite Weyl groups of type B. This allows us to establish a formula for the joint 
distribution of three functions, or 'statistics', on such Weyl groups. 

Finally, we compare our explicit formulae to p-adic integrals associated to relative 
invariants of three infinite families of prehomogeneous vector spaces. 
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1. Introduction and statement of main results 

1.1. Background and summary. Let G be a group and denote, for n £ N, by r n (G) 
the number of isomorphism classes of n-dimensional irreducible complex representations 
of G. The group G is called {representation) rigid if r n (G) is finite for all n £ N. If G 
is rigid and the numbers r n (G) grow at most polynomially, a fruitful approach to the 
study of these numbers is to encode them into a Dirichlet generating function, which is 
called the representation zeta function of G. A variety of tools from complex analysis, 
algebraic geometry, model theory and combinatorics is available to investigate these 
zeta functions, and thus to shed light on the arithmetic and asymptotic properties of 
the sequence (r n (G)); see, for instance, [28], El Sj. Throughout this paper we use the 
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term 'representations' to refer to complex representations. In the context of topological 
groups, we only consider continuous representations. 

In the current paper we study representation zeta functions associated to finitely gen- 
erated, torsion-free nilpotent groups (so-called T-groups). Such groups are not rigid. In- 
deed, a non-trivial T-group has infinitely many representations of dimension 1. However, 
T-groups are "rigid up to twisting" by 1-dimensional representations. More precisely, 
let G be a group and let p and a be irreducible representations of G. One calls p and a 
twist- equivalent if there exists a 1-dimensional representation \ of G such that p = x®°~- 
If G is a topological group, we demand in addition that x be continuous. This defines 
an equivalence relation on the set of irreducible representations of G, whose classes are 
called twist-isoclasses. For a group G and n G N we denote by r n (G) the number of 
twist-isoclasses of G of dimension n. It is known that if G is a T-group and n € N then 
there exists a finite quotient G{n) of G such that every n-dimensional representation 
of G is twist-equivalent to one that factors through G(n). In particular, the number 
r n (G) is finite for all n £ N; see |29t Theorem 6.6]. The representation zeta function of 
a T-group G is defined to be the Dirichlet generating function 

oo 

(1.1) ( G (s):=Y,r n (G)n- s , 

n=l 

where s is a complex variable. The sequence (r n (G)) grows polynomially, and thus this 
series converges on a complex right half-plane {s € C | Re(s) > a}, for some a£l; see 
Lemma I2.H The abscissa of convergence a(G) of Cg( s ) ; that is, the infimum of such a, 
gives the precise degree of polynomial growth. More precisely, if G is non-trivial, a(G) 
is the smallest value such that Yl n =i^n(G) = 0(N a ^ +£ ) for every e <E M>o- 

The zeta function Cg(s) has an Euler product, indexed by the rational primes. Indeed, 
one has 

(i-2) cgoo= n cg, p ( S ), 

p prime 

where Cc,p{s) '■= ^{^P^ 3 ■> f° r each prime number p. This Euler product simply 
reflects the facts that every representation of G is twist-equivalent to one that factors 
through a finite quotient, and that finite nilpotent groups are direct products of their 
Sylow p-subgroups. Much deeper lies the fact, proved by Hrushovski and Martin, that 
all the factors in (ll.2p are rational functions in the parameter p~ s ; see |19} Theorem 8.4]. 
Another deep result establishes functional equations of almost all of the local factors 
'upon inversion of p'; see [A2\ Theorem D]. 

The only explicitly computed examples of representation zeta functions of T-groups 
in print prior to the current paper are formulae for the zeta function of the Heisenberg 
group H(O) of upper-unitriangular 3 x 3-matrices over the ring of integers O of a number 
field K of degree at most 2; cf. |32j for K = Q, and |13} Theorem 1.1] for K a quadratic 
number field. These examples agree with the formula 

V ; Ck{s) Y 1 - q L s 

where Ck( s ) is the Dedekind zeta function of K, p ranges over the non-zero prime 
ideals of O, and q = \0/p\. In particular, we have Ch(z)( s ) = Yl^Li f(n)n~ s , where 
ip is the Euler totient function. Ezzat conjectures in |X3|, Conjecture 4.1] that (jl.3p 
holds for arbitrary number fields K. This is in fact implied by one of our main results; 
cf. Theorem [Bj Note that for G = H(O) the Euler product in (jl.3p is finer than the 
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product (jl.2p . and that all the local factors are rational in q~ s . We will show that these 
facts, too, are special cases of more general phenomena. 

The T-groups studied in the current paper are obtained from unipotent group schemes 
over rings of integers of number fields. From now on, let O be the ring of integers of a 
number field K. Let G be a unipotent group scheme defined over O; see Section 12.11 
Then G(0) is a T-group. Given a non-zero prime ideal p of O, we denote by Op the 
completion of O at p, and by p the residue field characteristic of Op. In Proposition 12.21 
we establish the Euler factorisation 

(1-4) Cg(o)(s) = YICg(o,)(s), 

p 

indexed by the non-zero prime ideals of O, with local factors given by 

oo 

The factorisation (jl.4p reflects the fact that unipotent groups have the Congruence 
Subgroup Property and the strong approximation property. Note that it refines <\1.2\) . 

The Euler product (jl.4p is similar to the Euler product satisfied by representation 
zeta functions of arithmetic subgroups of semisimple algebraic groups, which have the 
Congruence Subgroup Property; cf. \28\ Proposition 1.3]. The archimedean factors 
present in the latter are absent in the realm of nilpotent groups, reflecting the fact that 
every representation of a T-group is twist-equivalent to one which factors through a 
finite quotient. The non-archimedean factors in the context of semisimple groups have 
been studied using the Kirillov orbit method and techniques from model theory and 
p-adic integration; see, for instance, [2T1 [Tj 15] . 

The following summarises the main results of the paper and some of its motivation. On 
the one hand, we set up a general framework for studying representation zeta functions 
of T-groups obtained from group schemes over O, which in turn are associated to O-Lie 
lattices. The principal tools here are the Kirillov orbit method and p-adic integration, 
which enable us to analyse the local factors of Euler products of the form (jl.4p . In 
particular, we derive formulae which are uniform under extensions of O, and prove 
rationality and functional equations for almost all local factors; see Theorem lAl 

On the other hand, we study three infinite families of T-groups of nilpotency class 2 
for which we carry out this general analysis explicitly and prove more precise results. 
Our approach allows us to compute the zeta functions of these groups as finite products 
involving translates of Dedekind zeta functions; see Theorem [Bj This shows, in partic- 
ular, that in these cases all of the local factors in (jl.4p are rational both in q and in 
q~ s , and satisfy the functional equations which Theorem lAl asserts only for almost all 
local factors. Using our formulae it is easy to read off the zeta functions' key analytic 
properties, such as abscissae of convergence, meromorphic continuation, and location 
and order of the poles; see Corollary 11.31 The formulae for the zeta functions also imply 
precise asymptotic formulae for the representation growth of the relevant groups. 

We do not expect the strong regularity properties displayed by the zeta functions 
in Theorem [B] to hold in general, not even in nilpotency class 2. Nevertheless, the 
interesting problem arises to characterise the groups for which they do hold. 

Originally our interest in the three specific families of T-groups studied in Theorem IB1 
arose out of an analogy with p-adic integrals associated to reduced irreducible prehomo- 
geneous vector spaces with relative invariants; see Section [H These are complex vector 
spaces on which algebraic groups act with Zariski dense orbits. Three infinite families of 
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such prehomogeneous vector spaces are given by n x n- matrices, symmetric matrices and 
antisymmetric matrices, respectively. Here the relative invariants are the determinant 
or, in the case of antisymmetric matrices, the Pfaffian; the associated p-adic integrals 
are Igusa's local zeta functions associated to these polynomials. These well-known inte- 
grals are of particular interest as they are cases in which the Bernstein-Sato polynomial 
conjecture is known to hold. This conjecture connects the real parts of the poles of 
Igusa's local zeta function with the zeros of the integrand's Bernstein-Sato polynomial. 
We record in this paper an intriguing analogy between the representation zeta functions 
computed in Theorem [B] and the p-adic integrals associated to the above-mentioned 
prehomogeneous vector spaces. In particular, the local pole spectra of the former are 
obtained from the pole spectra of the latter by a simple translation by integers which 
turn out to be the (global) abscissae of convergence of the relevant zeta functions. Our 
observations give rise to the general question to what degree the local pole spectra of 
zeta functions of groups reflect geometric invariants like zeros of Bernstein-Sato polyno- 
mials. This points to a possible analogue of the Bernstein-Sato polynomial conjecture 
for zeta functions of groups. 

Our explicit 'multiplicative' formulae given in Theorem [B] are proved using 'additive' 
formulae given in Theorem [Cj The bridge between the two is given by a identity which 
is reminiscent of the g-multinomial theorem in the theory of basic hypergeometric series; 
see Proposition 11.51 The present paper provides a natural motivation for this identity 
in the context of zeta functions of groups; see also Remark 14.31 We show that the 
polynomials appearing in Theorem O have a rich combinatorial structure: we express 
them as generating functions for statistics on finite Weyl groups of type B, also known as 
hyperoctahedral groups. As an application, we prove a formula for the joint distribution 
of three statistics on Weyl groups of type B; see Proposition [TT71 It would be interesting 
to know whether other types of Weyl groups occur in this framework, and to study the 
resulting analogues of our results. 

1.2. Uniformity, rationality and functional equations. In Section [2.11 we describe 
a class of group schemes defined by nilpotent O-Lie lattices. By an O-Lie lattice we mean 
a free and finitely generated O-module, together with an antisymmetric, bi-additive form 
satisfying the Jacobi identity. Let A be a nilpotent O-Lie lattice of nilpotency class c, 
and write A' for the derived Lie lattice [A, A]. If A satisfies the condition A' C c!A it gives 
rise to a unipotent group scheme Ga over O via the Hausdorff series. For primes p > c 
there exists a Kirillov orbit method to describe the irreducible representations of groups 
of the form G\(Op) in terms of co-adjoint orbits; see Section 12.21 In the case where 
c = 2 we give an unconditional construction of a unipotent group scheme associated 
to A which coincides with Ga if A' C 2A, and describe a Kirillov orbit method for 
G\(Op) which holds for all primes; see Section [2.41 In any case, whenever the Kirillov 
orbit method applies it allows us to describe local representation zeta functions in terms 
of Poincare series and suitable p-adic integrals. The first main result of the paper 
establishes universal formulae for the generic factors in Euler products of the form (jl.4p 
for groups of the form G\(Ol), where Ol is the ring of integers in a finite extension L 
of the number field K. Let d = dim^(A' ®q K). 

Theorem A. There exist a finite set S of prime ideals of O, t € N, and a rational 
function R{X\, . . . , X t , Y) £ Q(Xi, . . . , X t , Y) such that, for every prime ideal p of O 
with p S, the following is true. There exist algebraic integers Ai,...,Aj, depending 
on p, such that, for all finite extensions D of o = Op one has 
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where q denotes the residue field cardinality of o = Op, and f = f(D,o) is the relative 
degree of inertia. In particular, the local factor Cg a (0)( s ) * s a rational function inq~f s . 
Furthermore, the following functional equation holds: 

(i-s) Cga(£» 00 1™-* =q fd ( GA{ o)(s)- 

A^A" 1 

Remark 1.1. The statement of Theorem [A] is analogous to [21 Theorem A]. In fact, the 
proof of [A] leans heavily on the methods developed in [2]. We note, however, that [2J 
Theorem A] applies only to certain pro-p subgroups of the groups featuring in the 
Euler factors, whereas Theorem 1X1 yields a formula for almost all factors in (|l,4p . The 
functional equation (11. 5p refines the statement of [421 Theorem D]. 

The proof of Theorem [A] is found in Section | 



1.3. Groups of types F, G and H, and multiplicative formulae. Much of the 
present paper is concerned with the representation zeta functions of 7~-groups obtained 
from three specific infinite families of group schemes. These arise from class- 2-nilpotent 
Z-Lie lattices, and each family generalises a different aspect of the Heisenberg group 
scheme H. 

Definition 1.2. Let n G N and 5 G {0, 1}. We define the following Z-Lie lattices: 

F n ,5 = ■ ■ -,X2n+s,yij, 1 <i <j <2n + S \ [xi,Xj] = yij), 
Qn = (xi,...,x 2n ,yijA < iJ < n I [xi,x n+j ] = yij), 

7~ln — (xi, • • • > X2m Viji 1 — ^ — 3 — ^ I [Xi, X n -i-j] — [Xj, — Vij) i 

where, by convention, non-specified Lie brackets which do not follow formally from the 
given ones are understood to be zero. 

Let F n; s, G n and H n denote the unipotent group schemes over Z associated to the Lie 
lattices T n ^, Q n , and 7i n , respectively. We call groups of the form F n ^(0), G n (0), and 
H n (0) groups of type F, G and H, respectively. The groups F nt $(Z) are the free class- 
2-nilpotent groups on 2n + 5 generators. Note that F 1>0 (O) = G 2 (0) = H 2 (0) = H(O), 
the Heisenberg group over O. 

Apart from being natural generalisations of H(O), the groups of type F, G and H 
are of interest as their zeta functions are close analogues of zeta integrals associated 
to relative invariants of irreducible prehomogeneous vector spaces. This connection is 
explored in Section El In our second main result we give explicit formulae for the zeta 
functions of groups of type F, G and H , in terms of Dedekind zeta functions. For n G N, 
we set to = \n/2\ and e = n — 2m G {0, 1}, so that n = 2m + e. 

Theorem B. Let n = 2m + e G N ; 5 G {0, 1} and let K be a number field with ring of 
integers O. Then 

(1X\ t (\ ft C K (s-2(n + i + 5) + l) 
(L6) Cf ^ {s) = II Qd^i) ' 

(a i\ r ( \ TT CK{s-n-i) 

(1-7) C Gn (0)(s) = l[ Cy(j _. ) , 

ri s ^ /- f \ Ck(s - n) "ff 1 (k(2(s -m-i-e)-l) 

(1-8) Cg B (0)(g) = r ,s 11 



Ck(s) Al CK"(2(a-»-l)) 
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Corollary 1.3. Let G G {F n>s , G n , H n }. 

(1) For all non-zero prime ideals p of O, the following functional equation holds: 

(1.9) Cg(o,)00I,->,-i = q d{G) ( G (o p )(s), 
where 

d(F n ,s) = + \ d{G n )=n\ d{H n )={^ + 2 1 ^ 

is the %-rank of the corresponding derived Lie lattice. 

(2) The abscissa of convergence a(G(0)) o/Cg(o)( s ) *s an integer. More precisely, 
we have 

(1.10) a(F n>s (0)) = 2(2n + S-l), a(G n (0)) = 2n, a{H n {0)) = n + 1. 

Ln particular, a(G) := a(G(0)) is independent of O. 

(3) The zeta function Cg(C)( s ) has meromorphic continuation to the whole complex 
plane. The continued zeta function has no singularities on the line {s € C | 
Re(s) = a(G)}, apart from a simple pole at s = a(G). 

(4) There exists a constant c{G{0)), given explicitly in terms of special values of 
the Dedekind zeta function Ck(s), such that 

r„(G(0)) ~ c(G(0)) ■ N a ^ as N — > oo. 

n<N 

Theorem IBl and its corollary are proved in Section [5j 

We remark that the functional equations (jl.9p illustrate (|1.5p . which Theorem [Al only 
asserts for almost all p. It is of interest to what extent the assertions of Corollary 11.31 
generalise to more general group schemes. Specifically, we ask the following. 

Question 1.4. Let G be a unipotent group scheme defined over the ring of integers O 
of a number field K, and let L be a finite extension of K, with ring of integers Ol. 
Is the abscissa of convergence a{G{Oi)) independent of LI Is it a rational number? 
Does the zeta function Cg(0)( s ) allow for analytic continuation beyond its abscissa of 
convergence? 

The last two questions would have an affirmative answer if local representation zeta 
functions of T-groups were 'cone integrals' in the sense of |12j . 

1.4. Additive formulae and Weyl group generating functions. In our third main 
result we prove 'additive formulae' for the local factors of the zeta functions of groups 
of type F, G and H. To state this result we introduce some notation. Throughout the 
paper, X, Y and Z will denote indeterminates in the field Q(X, Y, Z). For N € N, we set 
[N] = {1, . . . , N} and [N] = {0,1,..., N}. We write (N) x for the polynomial 1 - X N . 
We set (0) x = 1 and write (N) x l for (l)x(2)x • • • (K) X - Given n G N and I = 
{ii, . . . , ii} < C [n — l]o, we set io = 0, and ii + \ = n, respectively. Note that this implies 
that i\ = n when 7 = 0. For j € [l]o we define = ij + \ — ij. For a, 6 € No such that 
a > b, we have the 'X-binomial coefficient', also known as the Gaussian polynomial 

fa\ (a) x \ 
\b) x (a^b) x \(b) x V 
Furthermore, we have the 'X-multinomial coefficient' 

0)x (k) x\H-i) x (ii)x 
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We also define the Y-Pochhammer symbol, or Y-shifted factorial, as 

n-l 

(1-11) (X;Y) n = I[(l-XY i ). 

i=0 

In the literature, the above symbols are often defined in terms of a formal variable q, and 
thus one encounters the g-binomial and (/-multinomial coefficients, and g-Pochhammer 
symbol, respectively. In our context, however, q is always a prime power, so we choose 
X and Y as formal variables. 

Given a fixed prime power q = pf we write (N) for (N) q -i . 

Theorem C. Let n G N, 5 G {0, 1} and let K be a number field with ring of integers O. 
Let G G {F n g, G n , H n }. There exist polynomials fcjiX) G ZpT], JC [n — l]o, anc? 
natural numbers a(G,i), i G [n — l]o, suc/z i/mi, for all non-zero prime ideals p of O, 
one has 



CG(0p)O) 



7 a(G,i) — (n— i)s 



/Z fcjfo ' II I „a(G, 
IC[n-l]o ' 



(1.12) 

where q = \0/p\. The data fcj(X) and a(G,i) are given in the following table. 



G 


fo,i( x ) 


o(G,i) 


F n ,8 


$) X2 (X^+ S ^;X%- 


-h 


e\ +s ) - m 


G n 


^) x (X^;X) n ^ 




n 2 — i 2 











Note that fG,i(X) and a(G,i) are independent of O and p. Theorem O is proved in 
Section El 

The proof of the 'multiplicative' Theorem iBl relies on the 'additive' Theorem [Cl to- 
gether with the following identity, which we prove in Section 14. 1[ 

Proposition 1.5. For n£N« have 

V 



(i.i3) E (j) (M- ,i - 1 ;i- 1 ungp((^^r) = (r '' yZ:l1, 

JC[n-l] ^ ^ X 1 ieJ 



We call the identity (| 1 . 13[) of 'multinomial type' due to its analogy with the q- 
multinomial theorem. For groups of type F and G, Theorem IBl is a formal consequence 
of Theorem [Cl and Proposition 11.51 Further combinatorial arguments are needed to deal 
with groups of type H , and these are treated in Section 15.11 

Proposition 11.51 has applications to generating functions of statistics on Weyl groups 
of type B; for details, see Section 14.21 Let n £ N, and consider the group B n of 
permutations w of the set [±n]o := {— n, ... ,n} such that, for all i G [±n]o, w(—i) = 
—w(i). We may identify B n with the group of 'signed permutation matrices', that 
is, monomial matrices whose non-zero entries are in {1,-1}. Interesting statistics on 
B n include the usual Coxeter length function I with respect to the standard Coxeter 
generating set S = {so, . . . , s n -i} and the statistic 'neg' which keeps track of the number 
of negative entries of a signed permutation. A result of Reiner in |34] allows us to 
express the polynomials fp nS j(X) and fc n ,i(X) given in Theorem [Cl in terms of the 
joint distribution of the statistics I and neg over descent classes in B n . For groups of 
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type H we present a conjectural formula of this kind. To state it, we introduce a new 
statistic L on B n . For w G B n we define 

(1.14) L(w) = y) G [±n]g | s < y, > w(y), x^y mod (2)} G N 

and write D(w) = {s G S 1 | l(ros) < /(w)} for the (right) descent set of w. From now on, 
we identify S with [n — l]o in the obvious way. For ICS', let I c = [n — 1]q \ I denote 
the complement of /, and let = {w G B n \ D{w) C /}. 

Conjecture 1.6. For n G N and I C [n — 1] we /iaue 

/h B) j(X) = Yl {-l) l{w) X L ^\ 

In a forthcoming paper we prove Conjecture 11.61 for arbitrary n G N and I G 
{{0}, [n — l]o}, as well as in the case where n is even and / C [n — l]o H 2No; cf. |1Q]. We 
remark that the statistic L is a natural extension of a statistic on the symmetric group 
S n defined by Klopsch and the second author; cf. [25J Lemma 5.2]. 

Combining our Weyl-group theoretical interpretations of the polynomials /gj(X) 
with Proposition 11.51 allows us to describe the joint distribution of three statistics 
on Weyl groups of type B, namely a — I, neg and rmaj. The statistics I and neg 
have already been introduced. We now give the definitions of a and rmaj. For a 
general finite Weyl group W, with root system $ and simple roots «o, • • • ,a n -i, let 
bo, . . . ,b n -i denote the simple root coordinates for half the sum of all positive roots, 
that is J2ae$ a = 2^7=0 biCti. Specifically, for B n with generating set S as above, the 
simple root coordinates 6j, i G [n — l]o are given by bi = n 2 -i 2 ; cf. [SJ Plate II] (note 
that we use the reverse ordering of the simple roots). For w G B n , let 

o(w) = y, b * = E ^ - * 2 ) 

i€D(w) i£D(w) 

and define the reverse major index by rmaj(u>) = X]iGD(w))( n — 
Proposition 1.7. For n G N we have 

Ev(<r-Z)(«Oyneg(u>) ^rmajH = TT (1 + X l Y Z){\ - (X n+t Z) n ~ l ) 
w£B n i=0 

The generating function for the statistic cr — / over a general finite Weyl group was 
studied in |41| . The geometric relevance of the statistic a — I is explained in [4H Lemma 
2.2]. Proposition II . 71 generalises [411 Theorem 1.1] in the case of Weyl groups of type B. 
A similar result, pertaining to the statistic L defined in (|1.14j) . exploits the two different 
expressions of the local zeta functions of groups of type H given by Theorems iBl and ICl 
see Proposition 15.51 

1.5. Notation. We record some of our recurrent notation. Throughout, we denote by 
K a number field with ring of integers O = Ok- We denote by p a non-zero prime ideal 
of O, and sometimes write o for the completion Op of O at p. We write q for the residue 
field cardinality \o/p\ and p for the residue field characteristic of o. The Dedekind zeta 
function Ck(s) of K is 

(i-is) ck(s) = y \° ■ j r s = n W s )' 

I<\0 p 



REPRESENTATION ZETA FUNCTIONS OF NILPOTENT GROUPS 



9 



where the product is indexed by the non-zero prime ideals of O, and (k,p(s) = 1/(1 — 
q~ s ). For a non-trivial o-module M, we write M* := M \ pM, and for the trivial o- 
module {0} we set {0}* = {0}. Given a ring R, we write rkft(M) to denote the rank of 
a free -R-module M. We also write rk(x) for the rank of a matrix x. For a fixed d € N, 
we write W(o) = (o d )* and, given N G N, we set W N (o) = ((o/p N ) d )*. 

For any compact abelian group a we write a for its Pontryagin dual Honig OIlt (a, C x ). 
In the context of nilpotent groups we use the notation G to denote the profinite com- 
pletion of the T-group G. We write Irr(G) for the collection of isomorphism classes of 
continuous, irreducible complex representations of a topological group G. 

Given a subset / C N we write Iq for / U {0}. For a,b € Z, we use the notation 
al + b = {ai + b \ i € /}. Given a term X different from 1, we often write gp(X) for the 
'geometric progression' X/(l — X). 

2. REPRESENTATION ZETA FUNCTIONS OF NILPOTENT GROUPS 

In this section we develop some general machinery to study representation zeta func- 
tions of finitely generated nilpotent groups obtained from unipotent group schemes as- 
sociated to nilpotent Lie lattices over rings of integers of number fields. We first give 
a general description of the construction of T-groups from group schemes, the Kirillov 
orbit method and tools from p-adic integration in Sections 12.11 and 12.21 We prove The- 
orem |A] in Section 12.31 Section 12.41 is dedicated to a more explicit analysis in the case 
of nilpotency class 2, affording slightly stronger results in this case. The results in this 
section also prepare the ground for the subsequent proof of Theorem [CJ 

Let G be a T-group. Recall that, for n G N, we denote by r n (G) the number of 
twist-isoclasses of n-dimensional irreducible representations of G. The following lemma 
establishes that the sequence (r n (G)) has polynomial growth, so that the Dirichlet series 
Cg( s ) has non-empty domain of convergence. 

Lemma 2.1. The series (g( s ) = T^=i^n{G) n ~ s converges on a complex half-plane. 

Proof. We need to show that the sequence (r n (G)) is bounded by a polynomial in n. 
It is well-known that every finite-dimensional irreducible representation of a T-group is 
monomial, that is induced from a 1-dimensional representation of some subgroup. T- 
groups are further known to have polynomial subgroup growth, that is the sequence of 
the numbers a n (G) of subgroups of G of index n is bounded by a polynomial in n; see, for 
instance, [30, Theorem 5.1]. It thus suffices to show that the sequence of the numbers 
of twist-isoclasses of representations of G obtained by inducing to G a 1-dimensional 
representation of an index-n-subgroup of G is bounded by a polynomial in n. This follows 
from the fact that, given a subgroup H of G of index n, a 1-dimensional representation 
X of G and a 1-dimensional representation ip of H, we have that 

(2.1) X ® Indg(V) = Indg(Resg( X ) ® 

and that the index \G' n H : H'\ is bounded by a polynomial in n. □ 

2.1. Unipotent group schemes, T-groups and nilpotent Lie lattices. 

2.1.1. T-groups from group schemes. Let G be an affine smooth group scheme over O, 
the ring of integers of a number field K. We say that G is unipotent [over O) if the 
geometric fibre G xq k(p) is a connected unipotent algebraic group for all p € Spec(O). 
Here k(p) is the residue field O/p when p / (0), and k((0)) = K. Note that, if G is 
unipotent, it is automatically finitely presented over O, by the definition of smoothness; 
see e.g. [391 Section 2]. It is well-known that if k is any field and G is unipotent 
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over k then G(k) embeds as a subgroup of the group of upper-unitriangular matrices 
in GLtv(^), for some N. Thus G(0) is nilpotent and torsion-free, by virtue of being a 
subgroup of G(K). Moreover, since G is affine and finitely presented over O, and O 
is free of finite rank over Z, the Weil restriction Res^ /%G is an affine finitely presented 
group scheme over Z; cf. |36|, Proposition 4.4]. By a result of Borel and Harish-Chandra, 
the group of Z-points of an affine group scheme of finite type over Z is finitely generated; 
cf. Theorem 6.12]. Therefore G(0) = (Res£>/ Z G)(Z) is finitely generated, and thus 
a T-group. 

For a non-zero prime ideal p of O, we denote by Op the completion of O at p, with 
maximal ideal p, residue field cardinality q and residue field characteristic p. Let G be 
a unipotent group scheme over O. By the Congruence Subgroup Property for unipotent 
groups (see, for instance, P2])) and the strong approximation property for unipotent 
groups (cf. [33J Lemma 5.5]), the profinite completion of the T-group G(0) satisfies 

(2.2) G^^W 

p 

where p ranges over the non-zero prime ideals of O. The factorisation (12. 2D implies 
that the zeta function Cg(C)( s ) satisfies an Euler product, indexed by the non-zero 
prime ideals on O. Indeed, every finite-dimensional irreducible complex representation 
of G(0) is twist-equivalent to one with finite image; see [291 Theorem 6.6]. We thus 
have a dimension-preserving bijection between the twist-isoclasses of representations of 
G(0) on the one hand and continuous irreducible complex representations of G(0) 
up to twists by continuous 1-dimensional representations on the other. Owing to the 
product (|2.2p and the resulting fact that 

Hom cts (G(0),C x ) = ]^Hom^(G(cf),C x ), 

P 

the zeta function Cg(0) ( s ) therefore is the Euler product of the local zeta functions 

oo 

(2-3) CG(O t )(s):=Ev(G(0 P )r s - 

Note that r n (G(O v )) = unless n is a power of p, as G(O p ) is a pro-p group. The above 
discussion is summarised in the following result. 

Proposition 2.2. We have the Euler product 

Cg(0)(«) = YI(g(o p ){s). 
p 

Remark 2.3. We will show that the local factor Cg(O p )( s ) * s m ^ ac ^ a rational function 
in q~ s if p > c or c = 2; cf. Corollaries 12.111 and 12.191 We do not know whether these 
conditions are also necessary. In any case, it follows from work of Hrushovski and Martin 
that, for all rational primes p, the 'mini Euler product' Cg(C),p( s ) = llp|p Cg(O p )( s ) 1S 
rational in p~ s ; see [191 Theorem 8.4]. 

2.1.2. Group schemes from Lie lattices. Let (A, [-, •]) be a nilpotent C-Lie lattice of 
O-rank h and nilpotency class c. Choose an O-basis (x%, . . . ,Xh) for A. For any O- 
algebra R, let A(R) := A <g) G R. Then (xi ® 1, . . . , Xh ® 1) is an i?-basis for A(R); cf. [271 
XVI, Proposition 2.3]. We write A' for the derived Lie lattice [A, A]. 
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Assume that A' C c!A. By means of the Hausdorff series one may define a group 
structure on A(R) by setting, for x,y G A(R), 

x*y = x + y + ^[x,y] + -^[[x,y],y] H , 

x -1 = — x; 

see [23j Chapter 9.2]. The group (A(R),*) is nilpotent of class c. In co-ordinates with 
respect to the P-basis (xi CS> 1, . . . , xu <8> 1) for A(P), the group operations are given by 
polynomials over which are independent of R. This defines a unipotent group scheme 
Ga over O, isomorphic as a scheme to affine n-space over O, representing the group 
functor 

R^(A(R),*). 

The group G\(0) is a T-group of nilpotency class c and Hirsch length h(G\(0)) = 
rkz(0)h = [K : Q]h. If R is a finitely generated pio-p ring, such as Op, the group 
G\(R) is a finitely generated class-c-nilpotent pro-p group. 

Remark 2.4. Let G be a T-group of nilpotency class c. It is well-known that there exists 
a Q-Lie algebra Cg(Q) of Q-dimension /i(G), and an injective mapping log : G — > Cg(Q) 
such that log(G) spans £g(Q) over Q; cf., for instance, [37;, Chapter 6]. It is further 
known that there exists a subgroup H of G of finite index such that \og{H) is a Z-Lie 
lattice inside £g(Q) an d log(-ff)' C c!log(P). Thus H may be recovered as the group 
of Z-points of the group scheme defined by log(PT), and it makes sense to study the 
O-points of this group scheme for extensions O of Z; cf. Remark l2.12l and \17\ Sections 
1 and 5]. For all p which do not divide the index \G : H\, we have that Cg,p( s ) = Ch,p(s). 

We close this section with a simple lemma which we will need in later computations 
in coordinates. Let Z(A) = {x G A | [x, A] = 0} be the centre of A. Let R be either O 
or o, and let M be a finitely generated ii-module, and N an .R-submodule of M. We 
write t(N) for the isolator of N in M, that is the smallest submodule L of M containing 
N such that M/L is torsion-free. We say that N is isolated in M if l(N) = N, that is 
if M/N is torsion- free. 

Lemma 2.5. The centre Z{A) is isolated in A. Moreover, suppose that M is an O- 
module of finite rank and N an isolated submodule of M . Then there exists a basis for 
N which can be extended to a basis for M. 

Proof. Let x € A. If x + Z(A) G A/Z(A) is torsion then there exists a non-zero element 
a G O such that ax G Z(A). This implies that [ax, A] = a[x,A] = 0, but since A is 
torsion- free, this means that [x, A] = 0, that is, x G Z{A). For the second claim, let 
h be the O-rank of M and let (x\, . . . ,Xh) be an O-basis for M. For every i G [h], 
let Li := (xi,...,Xi) be the 0-module spanned by xi,...,Xi, let 7T, : Lj — > (x{) be the 
natural projection, and Pj := 7Tj(Lj n iV). Now Pj is a submodule of (xj), but as 
M/N is torsion-free, (xj)/Pj is also torsion-free. Since every non-zero ideal in O has 
finite index, Pj is either zero or the whole of (xj). For every i such that Pj 7^ 0, let 
?/i G N be any lift of Xj under 7Tj. Then (yj | i G [/i], Pj 7^ 0) is a basis for N and 
(yi\ie [h], Pi ^ 0) U (xi I i G [/t], P = 0) is a basis for M. □ 

2.2. Kirillov orbit method, Poincare series and p-adic integration. Let A be a 

nilpotent 0-Lie lattice and G = Ga the unipotent group scheme over O associated to 
A as in Section 12.1.21 Our aim in the current section is to provide tools to study and 
compute the local factors Cg(O p )( s )- 
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2.2.1. Kirillov orbit method. A key technical tool in our analysis is the Kirillov orbit 
method for groups of the form G(O p ). Where it is applicable, it provides a way to 
construct the irreducible representations of a group in terms of co-adjoint orbits. For 
the class of T-groups, this method was pioneered by Howe in [18]. A treatment of the 
Kirillov orbit method for pro-p groups can be found in |16j . 

We now fix a non-zero prime ideal p of O and write o = Op. Consider the o-Lie 
lattice g := A(o), and its Pontryagin dual g = Honr| ont (g, C x ). For any ip G g we have 
an associated alternating bi-additive form 

B^:qxq — >C X , {x,y)\ — >ip{[x,y\). 

The form clearly only depends on the restriction of tp to g', and if 92 G q' we simply 
write B v for B^, where (p is any element in g such that <p\ Q i = ip. The radical of the 
form B^ is Rad(-B^) := {x G g | Vy G g : B^(x,y) = 1} = {x G g | tp([x,g]) = 1}. The 
following is a refinement of [42, Corollary 3.1]. 

Theorem 2.6. If p > c we have 

(2.4) Cg(q)M = E IS : Rad^)!^ 2 ^ : g^" 1 , 
where g^ j2 = {2; G g| ^([x,g']) = 1}. 

Proof. As p > c, the pro-p group G(o) is saturable and there exists a correspondence 
between the finite co-adjoint orbits in the dual of the Lie algebra g and the continuous 
irreducible representations of G(o); cf. |16[ Theorem 4.4]. Moreover, if Q C g is a finite 
co-adjoint orbit and ip G Vt then the dimension of the corresponding representation 7r(f2) 
is given by 

dim(vr(0)) = \n\V 2 = |G(o) : Stab G(o) (V>)| 1/2 = |fl : Rad^)] 1 / 2 . 

The representation ir(Q) is obtained by inducing to G(o) the restriction of tp to a finite- 
index subgroup of G(o). It follows that the twist-isoclass of the representation 7r(f2) 
determines and is determined by the multiset of restrictions of the elements of £1 to g'. 
The number of distinct restrictions to g' in the orbit £1 containing tp is |g : 0^2 1- ^ 

2.2.2. Poincare series. In order to effectively compute the generating function (I2.4p we 
express it in terms of Poincare series. To this end, we compute its terms in explicit 
coordinates. Write 3 for the centre of g. By Lemma [231 3 is isolated, that is, 3 = 
Recall that h = rk (g) and set, in addition, 

d = rko(fl'), k = rk (t(g / )/i(fl / n 3)) = rk (i(fl' + 3V3), r-k = rk (g/i(g' + 3)), 

so that r = rk (g/3). Note that the nilpotency class c of g is at most 2 if and only 
if k = 0. We choose a uniformiser ir of 0, write — for the natural surjection g 1— > g/3, 
and choose an o-basis 

(2.5) e — ■ ■ ■ 1 &r—ki Cr— fe+i) ■ • ■ j c r , e r _|_i, . . . , e r —j e ^. ( j / , e r —k-\-d+ii • • • > &h) 

V ' V v ' 

t(g'+3) Ks'na) 
for g, as well as nonnegative integers bi, . . . , b^, such that the following hold: 

3 = (e r+ i, . . . , eh) 

S f + 3 = (vr bl e r _ fc+ i, . . . ,Ti bk e r ) l(q' + 3) = (e r - k +i, ■ ■ ■ ,e^)o 

g'H3 = (7r 6fc + 1 e. r+ i, . . . ,7T bd e r - k+d ) ^s'na) = (e r+1 ,...,e r - k+d ) B . 



REPRESENTATION ZETA FUNCTIONS OF NILPOTENT GROUPS 



13 



The existence of such integers is a consequence of the elementary divisor theorem. We 
choose an o-basis f = (/i, . . . , fd) for g' such that 



•••,/*) = (vr b ie r _ fc +i, . . . ,ir bk e r ), 
(fk+i,---,fd) = (vr bfc+1 e r+ i, . . . ,7r bd e r - k+d ). 

The structure constants A|_- G o for g, where i,j 6 [r] and Z G [d], with respect to these 
bases are defined by [e^e-,] = Ylf=i ^\jfl an d are encoded in the commutator matrix 

^ Y ) = (E A ^ eMat r (o[Y]). 



We define the submatrix 

S(Y) = WY)^ 6[r] , i6{r ._ fc+1 ,..., r} e Mat rxfc (o[Y]), 
comprising the last rows of 7£(Y). As in [2j Lemma 2.4], we write 

a'= U Wfl')> 

iVeNo 

with Irrjv(g') = g^VV S Hom (g', o/p^)*. Let TV G N . We say that w G Hom (g', o)* 
is a representative of ^ G Irrjv(g') if ip is the image of w under the natural surjection 
Hom (g',o)* — > Hom (g', o/p N )*. The o-basis e yields a co-ordinate system g = g/3 = 
o r ,z \-> z = (z\, . . . , z r ). The dual basis f v , on the other hand, gives a co-ordinate 
system Hom (g', 0)* = (o d )*,w w = (w\, . . . , Wd)- The following is proved in a way 
similar to [21 Lemma 3.3], and generalises the analysis in (42J Section 4.4]. 

Lemma 2.7. Let w G Hom D (g',o)* and iV G No- Consider the element ip G Irrjv(g') 
represented by w. Then, for every z G g/3, we /iaue 

z G Rad(-B^) -<=>■ z • 1Z(w) = mod p^ and 

z e Q^<^ z -S(w) •diag(vr bl ,... ,vr 6fc ) = mod p N . 

We say that a matrix 5 G Mat rX A:(o) has (elementary divisor) type c = (ci, . . . , Ck) G 
(No U {oo}) fc - written ?(5') = c — if S is equivalent to the r x /c-matrix 

/V* \ 



7T 



V / 

where < ci < • • • < c&. This is a variant of the definition of the type v(R) of an 
antisymmetric matrix R G Mat r (o) given in |2, Section 3.1]. By definition, we have 
v{R) = (ai, . . . , a Lr/2 j) G (No U {oo})L r / 2 J , where < ax < • • • < a\_ r / 2 \ if 



V{R) 



{a\, a\, a 2 ,a 2 , ... ,a r / 2 ,a r / 2 ) if r is even, 

(a l5 a l5 a 2 ,a 2 , . . . , a( r _i)/ 2 , «(r-l)/2) 00 ) if r is °dd. 

The definition of v takes into account the fact that the elementary divisors of an 
antisymmetric matrix of even size come in pairs. Analogously to [2 Lemma 3.4] we 
have the following. 
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Lemma 2.8. Let w G Hom (g',o)* and N G No- Consider the element ifi G Irrjvdl') 
represented by w. Let a := (ai, . . . , ai r /2j ) = K^-OmO) and c '■= (ci, • • • , C&) = v(S(w) ■ 
diag(7r 6l ,...,7r bfc )). T/ien 

| : Rad(^)| = (? 2E[l / 1 2J (iV-min { a 1 ,iV}) ^ 

|g:g^ 2 | = ^- (iV - min{c ^ }) . 

Let N G No- Given an antisymmetric matrix R G Mat r (o/p ), we set ^(i?) := 
(min{ai, N})i e n r / 2 j] € ([-^V]o) L r / 2 J , where a = ^(-R) is the type of any lift R of R under 
the natural surjection Mat r (o) — > Mat r (o/p JV ). Given S G Mat rX A:(o/p Ar ), the vector 
u(S) G ([N] ) k is defined similarly. We set W N (o) := ((o/p N ) d )*. 

Given N G No, a G N> r/2J , c G Nq, we set 
(2.6) A&,a, c :=#{y£ TVtv(o)| ^(y)) = a, i7(S(y) • diag(vr fel , . . . ,tt 6 *)) = c} . 
In analogy with Proposition 3.1] we have the following. 
Proposition 2.9. If p > c then 

(2-7) Cg W W = E M^^iN-a^^iN-c.) = . 

JVgN , 

aeN^ r/2J , ceNg 

Corollary 2.10. If p > c then the zeta function Cg(d)( s ) ^ s a power series in q~ s , that 
is the degrees of continuous irreducible complex representations o/G(o) are powers of q. 

It is interesting to ask whether the conclusion of Corollary 12.101 holds without the 
hypothesis that p > c. 

2.2.3. p-Adic integration. As explained in |421 Section 2.2], we can express the Poincare 
series Vn,s,o(s) defined in (j2.7[) in terms of a p-adic integral. We define 



(2.8) Z (p,a,T) :-- 



f 

J(x 



X 



" WF^UF^xYp A ||G t (y)uG t -i(y)x||- 
(^) eP xH,(o) mp /i \\F 3 -i(y)\\$ l\ ||Gi-i(y)||? M ' yj ' 

where W(o) = (o d )*, the additive Haar measure fj, on o d+1 is normalised so that fi(o d+1 ) 
1, and 

2u = max{rk Frac(o) (7l(z)) | z G o d }, 
V = max{rk Frac(o) (5(z)) | z G o d }, 
Fj(Y) = {/|/ = /(Y) a principal 2j x 2j minor of K(Y)}, 

G t (Y) = ^g\g = g(Z) alxl minor of «S(Y) • diag(^ fcl , . . . ,^ fefc )} , 
\\H(X,Y)\\ p = max{|/j(X,Y)| p /teff} for a finite set ilc o[X,Y]. 
As in [421 Section 2.2] one shows that 

Vk,sM = 1 + (1 " 9 _1 ) _1 ^(-s/2, + « - d - 1). 

This yields the following corollary to Proposition 12.91 
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Corollary 2.11. If p > c then 

Cg( )W = 1 + (1 " ?- 1 )~ 1 ^o(-a/2, -1, us + « - d - 1). 

In particular, the zeta function Cg(o)( s ) ^ s a rational function in q~ s . 

Indeed, the rationality in q~ s of integrals like (|2.8p is a well known fact in the theory 
of p-adic integration; cf., for instance, 

2.3. Proof of Theorem [A} We now return to the global setup of Theorem fAl Recall 
that G = Ga is a unipotent group scheme, defined by a nilpotent O-Lie lattice A of 
nilpotency class c, where O = Ok is the ring of integers of a number field K. For a 
finite extension L of K, with ring of integers Ol, we wish to describe the zeta function 
of the T-group G(Ol). By Proposition 12.21 we have 

(2-9) Cg(O l )(s) = UCg(O l>v )(s), 

where the product ranges over the non-zero prime ideals of Ol- For such a prime ideal 
^} of Ol, dividing the prime ideal p of O, we write D for the local ring Ol^ and o 
for Ok,p- Further we write / = f(D,o) for the relative degree of inertia. We continue 
to write q for the residue field cardinality of o, and p for its residue field characteristic, 
so that |D/«p| = q f . 

Assume that p > c. The p-adic formalism developed in Sections l2.2l is applicable to the 
factor Cg(D)( s ) m (|2.9p . Two facts are key to proving Theorem [Al Firstly, we observe 
that the polynomials occurring the integrand of the p-adic integral (|2.8p are defined 
over O, so that effectively only the domain of integration depends on D. Secondly, we 
exploit that there is, as we shall explain, a uniform formula for (|2.8[) in which only the 
residue field of O enters. 

A priori, the D-bases e and f defined in Section [2.2.21 - and thus the matrices 7£(Y) 
and <S(Y) and the data b = (b\, . . . , 6^) - are defined only locally. As we do not assume 
that O or Ol are principal ideal domains, we may not hope for a global analogue of the 
construction of the bases e and f . Instead, we choose an O-basis f = (e r _fc + i, . . . , e r ^k+d) 
for the O-isolator l(A'(0)), and extend it to an O-basis e for A(0); cf. Lemma 12.51 
Provided p does not divide the index \l(A(0))' : A(0)'\, we may use this basis e to 
obtain an D-basis for A(D) in the analysis of Section 12. 2\ with b = (0, ... ,0). This 
ensures that the polynomials occurring in (|2.8p are defined over O. Theorem [A] now 
follows formally by the arguments given in [21 Section 4], as the integral (|2.8p can be 
expressed in terms of an integral of the form [21 Equation (4.1)]. 

2.4. Nilpotency class 2. In nilpotency class 2, many of the constructions given in the 
previous sections can be made more directly, allowing us to deduce slightly stronger 
results. While some of these modifications will be known to the experts, we record 
them here for completeness. Throughout this section, let A be a class-2-nilpotent O-Lie 
lattice, with rko(A) = h and rke>(Z(A)) = h — r, say. 

2.4.1. We start by constructing a group scheme Ga associated to A, which coincides 
with the group scheme defined in Section [2.1.2l if A' C 2A. Using Lemma [2.5[ we fix an O- 
basis (yi, . . . , yh-r) for Z(A) and choose x±, ■ ■ ■ , x r € A such that {x%, . . . , x r ,y\, . . . , yh-r) 
is an O-basis for A. Let R be a O-algebra and consider A(R) = A <g>o R. We write 
(xi, . . . ,x r ,y\, . . . ,yh- r ) for the ii-basis (zi<g>l, . . . ,x r ®l,yx®l, . . . ,yh~ r ®^) for A(R). 

Any element in g G A{R) can be expressed uniquely as g = Yll=i a i x, i + Y2j=i hjVj, 
for some a = (ax,..., a r ) G R r and b = (bx, ■ ■ ■ , bh- r ) € R h ~ r . Adopting multiplicative 
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notation, we identify g with the formal monomial x a y b = x" 1 • • • xf^y^ 1 • • • y^-r > an d 
define a group multiplication * on the set of all such monomials by defining group 
commutators via the Lie bracket on A(R). More precisely, we declare monomials of the 
form y b to be central, and define, for 1 < i < j < r and a^, aj G R, 

a j &i &i a i aidiXn 
x j * x i x i x j y ) 

where A„ = (A^, . . . , X^~ r ) G O h ~ r is defined via the identity [xj,Xi] = Y%=l ^ijVk 
in A(R). Extending this to the set of all monomials in the obvious way, we obtain 
monomials Mj(ATi, . . . , X r , X\, . . . , X r ), for i = 1, . . . , h — r, over O such that 

x a y b * x a 'y b ' = x a+a 'y b+b ' +(Ml(a ' a ' ))l . 

Similarly, there are polynomials Ii(X%, . . . ,X r ), for i = 1, . . . , h — r, over O such that 

(x a y b ) _1 = x ~ a y~ b+(7t<a ^\ 

This defines a unipotent group scheme Ga over 0, isomorphic as a scheme to affine 
/i-space over 0, representing the group functor 

i?^({x a y b | (a,b) eR h },*). 

Note that when c = 2 and A' C 2A, the group scheme Ga is isomorphic to the one 
constructed in Section [2. 1.21 by means of the Hausdorff series. 

Remark 2.12. The construction sketched here mirrors, of course, the classical construc- 
tion of a unipotent group scheme G over Z associated to a T-group G of class 2 by 
means of a Mal'cev-basis. This allows one to recover G as G(Z) and to define the 
group G R := G(i?), for any Z-module R; c.f. [T71 Sections 1 and 5]. The point of 
view taken in the present paper allows us to study group schemes defined over proper 
extensions of Z. 

2.4.2. The main results in Section 12.21 all assume that p > c. In the current section 
we formulate a Kirillov orbit formalism for group schemes of nilpotency class 2 which is 
valid for all primes p. We indicate how the analysis of Sections 12.2.21 and 12.2.31 simplifies 
in this case. Note that the proof of Theorem lAl may still require the exclusion of finitely 
many places. 

Let (x\, . . . , x r ,y\, . . . , yh-r) be an O-basis for A such that (y±, . . . , yn-r) is an O- 
basis for Z(A), and let G = Ga be the group scheme defined in Section [2.4. 11 For any 
O-algebra R, we have G(R) = {x a y b | a G R r ,h € R h ~ r }, and an obvious bijection 

r h—r 

X R : G(R) — > A(R), x a y b ■— > £ a iXi + b m . 

i=l i=l 

We now assume that R = o, a compact discrete valuation ring of characteristic zero, 
and write A for A . We further write g for the o-Lie lattice A(o), and q for its Pontryagin 
dual Hom| ts (g, C x ). For any ip £ g we consider the form 

B^-.gxg — >C X , (x,y) \ — > ip([x,y]) 

with radical Rad(S^,) := {x G g \ Vy G g : B 1 p{x,y) = 1}. For g G G(o) and x G g, we 
define the co-adjoint action G(o) x g i-> g by (g, ip) i-> &d*(g)ip, where ad*(^)^ is the 
map given by 

x i — > rp(x + [X(g),x]). 

Let Stab(V') denote the stabiliser in G(o) of ip under the co-adjoint action, and write 
for the co-adjoint orbit of ifr. 
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Lemma 2.13. For any ip G g, the group Stab(V0 contains Z(G(o)), and 

Stab(^) = A" 1 (Rad(^)). 

In particular, 

(2.10) \n(ip)\ = |G(o) : Stab(^)| = |g : Rad(^)[ < oo. 
Proof. We have 

Stab(^) = {g £ G(o) | Vx G g : ip(x + [X(g),x]) = ip(x) } 
= { g eG(o) | VxGg: tp([X(g),x]) = 1} 
= A-^Rad^)). 

This proves the first two assertions. The claims regarding the orbit size follow from the 
orbit stabiliser theorem and the fact that ip is continuous. □ 

A key role in the Kirillov orbit method is played by polarising subalgebras for char- 
acters ip G g, that is subalgebras P of g with the property that B^\p x p = 1, and which 
are maximal with respect to this property. 

Lemma 2.14. Let ip G g. Then there exists a polarising subalgebra for ip. 

Proof. There exists n G N and a homomorphism ifj : A(o/p n ) —¥ C x such that ip factors 
through ip via the natural surjection p n : g — > A(o/p n ), that is ip = ip o p n . Thus the 
form factors through the form 

1%: A(o/p") x A(o/p") ^C x , (x,y) —> ^([x,y]). 

Let Pnj be a polarising subalgebra for ip in A(o/p n ); see, for instance, [TBI Lemma 4]. 
Clearly P^ := Pn l {P^) has the desired properties. □ 

Lemma 2.15. Let P C g be an o-subalgebra such that 3 C P. Let ip G g be such 
that ip(P') = 1. Then H := A -1 (P) is a subgroup of G(o) and the restriction ipo X\h is 
a 1- dimensional representation of H. 

Proof. Since P is an o-submodule of g containing 3 and is a principal ideal domain, we 
may - possibly after modifying the partial basis (x±, . . . ,x r ) - assume that there exist 
ni, . . . , n r G such that H = {x a y b [ (a, b) G o h , m|ai, . . . , n r \a r }. Let h\ = x ai y bl 
and h 2 = x a2 y b2 G H. It is now easy to check that 

h\h 2 = x ai y bl x a2 y b2 = x ai+a 2y b 1 +b 2 . Uj 
for some element u = y A ( n ) G H' . Clearly X(u) G P', and so 

(2.11) \{hih 2 ) = (ai, bi) + (a 2 , b 2 ) + X(u) G P, 
and hence h\h 2 £ H. Similarly, we have 

h- 1 = (x a y b ) _1 = x- a y- b • v, 

for some v = y A ^) G H' . Then X(v) G P', and so 

XQT 1 ) = (-a,-h) + X(v) G P. 

Thus h^ 1 G H, and H is a subgroup of G(o). Using (|2.1ip and the fact that ip(P') = 1, 
we obtain 

*P(X(h x h 2 )) = V((ai,b 1 )+(a 2 ,b 2 )+A(n)) = ^(( ai ,bi))^((a 2 ,b 2 )) = iP{X{h x ))iP{X{h 2 )), 
so ip o \\ H is a homomorphism of -ff , as asserted. □ 
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For every ip € g, we choose a polarising subalgebra for ip in g; cf. Lemma 12.141 
By the definition of polarising subalgebra, we have j C P^, Lemma 12.151 asserts that 
H^p := X~ 1 (P^) is a subgroup of G(o), and that ipoX\n^ is a 1-dimensional representation 
of H^. We define the representation 

^) = Ind^ 0) (^oA|^). 

Recall that Irr(G(o)) denotes the set of isomorphism classes of continuous, irreducible 
complex representations of G(o). The following result establishes a Kirillov orbit method 
for the group G(o). 

Proposition 2.16. For every ip € g the representation ir{tp) is irreducible, of dimension 
|f](^/>)| 1 / 2 , and all representations in Irr(G(o)) arise in this way. Given tp,ip G g, the 
representations Tr((f) and ir(ip) are isomorphic if and only if £l((p) = They are 

twist- equivalent if and only if (f\ s ' = V'lg'- 

Proof. The character XttM) °f the representation 7r(V>) is given by 

ojef2(V>) 

see, for instance, [221 Proposition 1], with log replaced by A. This character formula 
immediately shows that the isomorphism class of only depends on f2(V0> that tt(^) 
is irreducible, and that (ir(ip),7r(^)) = if Q(<p) ^ With (12. lOf) it also implies that 

dim7r('0) = (O(V')I 1 / 2 = |fl : Rad(i?^)| 1//2 . For n € No, the set of continuous additive 
characters of g which factor through A(o/p n ) is a union of co-adjoint orbits. The repre- 
sentations of G(o) associated to these orbits all factor through the finite group G(o/p n ), 
of order q nh = |A(o/p n )|. But q nh is also the sum of the squares of the dimensions of the 
irreducible representations of G(o/p n ), so every irreducible representation of G(o/p n ) 
must be of the form ir(ip), for some tp. 

Finally, let x be a continuous 1-dimensional representation of G(o). We have 

(2-12) X ® vrW = Ind^° } (*K ® (V • 

Since G(o)' < H^, this implies that two representations n((p) and ir(ip) are twist- 
equivalent if and only if (p\ g > = ip\ B '. □ 

We record the following immediate consequence of Proposition 12.161 
Corollary 2.17. We have 

Cg(o)(*)= ^ | :Rad(^)r s / 2 . 

We note that, in contrast to Theorem 12.6} the formula given in Corollary 12.171 is 
valid for all primes p, and is somewhat simpler than (|2.4H . The formalism developed in 
Sections 12.2.11 and 12.2.31 applies, without the assumption that p > 2, and simplifies as 
follows. We have k = 0, as g' < 3, so the matrix S makes no appearance. In analogy 
with the number M^ ac defined in (|2.6h . we therefore set, for N € No, a G N / ' /2 -', 

A/^a :=#{ye W N (o) \ v{K{y)) = a} . 
The class-2-analogue of Proposition 12.91 is the following. 
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Proposition 2.18. We have 

(2.13) Cg W 00= E ^N^~ m2iiN ~ ai) =--^As)- 

AfGN ,aGN^ r/2J 

The Poincare series Vti,o( s ) may be expressed in terms of the p-adic integral (|2.8p . 
simplified by the fact that v = 0. The following is analogous to Corollary 12.111 

Corollary 2.19. The zeta function Cg(o)( s ) * s a rational function in q~ s . 

In the next section we compute the Poincare series Vtz j0 (s) directly for groups of type 
F, G and H, bypassing the need to evaluate p-adic integrals like (|2.8p . 



3. Proof of Theorem O 

Recall that n G N and 5 G {0,1}. Let A G {^n,s-,Gn-,T~Ln} be one of the Lie rings 
defined in Definition 11.21 and G = Ga G {F n ^,G n , H n } the associated group scheme. 
As before, given a number field K with ring of integers O, and a non-zero prime ideal p 
of O, we write o = O v for the completion of O at p, and q for the residue field cardinality 
|o/p|. We write q for A(o) and set r = rk (g/g'), d = rk (g'), in accordance with the 
notation introduced in Section [2.2.21 Note that, in all three cases, we have n = [r/2\. 
We are looking to compute the zeta function Cg(d)( s )- By Proposition 12. 181 it suffices to 
study the Poincare series V-ji,o{s) associated to the commutator matrix 7£(Y) = 1Z\(Y) 
of the relevant Lie lattice with respect to the Z-bases given in the presentations in 
Definition 11.21 These are as follows: 

• Ttj n s (y) is the generic antisymmetric (2n + <5) x (2n + 5)-matrix in the variables 
Yij, 1 < i < j < 2n + 5. We have r = 2n + 5 and d = ( 2n + 5 ) . 

• IZg (Y) = ( M(Yy) | w j iere y[(Y i .\ j s th e generic n x n-matrix in 

V-M(V 



the variables Yu, 1 < i, j < n. We have r = 2n and d = n 2 . 



^ij, 1 

( sfy-'A 

• 7£% n (Y) = )> where S(K;j) is the generic symmetric n x n- 

matrix in the variables Yij, 1 < i < j < n. We have r = 2n and = ("J 1 )- 

It is advantageous to re-organise the respective series Vn,o(s) m the following way. 
Let / = {ii, . . . ,i/}< C [n — l]o, and recall that, for j G [n]o, we write /Zj = ij+i — ij, 
with i = and = n. For r/ = (r^,. . . ,r i; ) G N 7 , we set A" = ^2 ieI n, Wn(o) = 
{(o/p N ) d )* and define 

NJ >rj (G) := {«; G W^(o) | K^aW) = (^^0, r ip . . . ,r k , . . . , A^iV) G Nj r/2J }. 

Mi m-i MO 

We can now rewrite ()2. 13j) as 

(3.i) cg(.)W=^p(-)= E E i N U( G )i^ sEi6/nM - 

7C[n- l]o r/GN-f 

We prove Theorem ICl by computing the quantities |N° (G)| explicitly in the three 
cases; see Proposition 13.41 We start with a few preliminary definitions and a lemma. 
Given j G N and a ring R, we denote by Altj(i?) and Synx^i?) the antisymmetric and 
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symmetric matrices in Matj(-R), respectively. Let i G [n]o, and define 

Alt 2n+(5)2(n _ i) (F 9 ) = {x G Alt 2n+5 (F 3 ) | rk(x) = 2(n - i)}, 
Mat nin _i(F 9 ) = {x G Mat n (F g ) | rk(ar) = n - *}, 
Sy m n,n-i( F g) = G Sym n (F g ) | rk(x) = n - *}. 

Lemma 3.1. For i£ [n]o we Ziawe 

(3.2) |Alt 2n+(Ji2(n _ i) (F,)| = Q 

(3.3) |Mat nin _i(F g )|= r\ 

(3.4) |Sym n)n _;(F g )| = ( 9 - 2 ; g - 2 )^ 

Proof. These are all well-known; see, for instance, |9j Section 7] for (|3.2p . [26|, Proposi- 
tion 3.1] for ([33]) and [201 Lemma 10.3.1] for QMS). □ 

Definition 3.2. For / = {ii, . . . , i/} < C [n — 1] set 
(3-5) f Fn „j(X) = (fjjX^+^-xX^, 

(3.6) /G„,/W= C;j (^+ 1 ;X) n _ il , 



In— i 




Remark 3.3. We note that comparison with Lemma 13.11 shows that the polynomials 
/g,{i}P0> where G G {F n $,G n , H n } and i G [n — l]o, give, in effect, the Poincare 
polynomials of the determinantal varieties of (symmetric or antisymmetric) matrices of 
given rank. In Proposition 14.61 we give an interpretation of the polynomials fp n5 ,i{X) 
and fc n ,i(X) in terms of generating functions over descent classes in Weyl groups of 
type B. In Conjecture 11.61 we record a conjectural formula of this type for the polyno- 
mials fH n ,l{X). 

Proposition 3.4. Let I C [n — l]o and 17 G N 1 . Then we have 

(3.7) iN?, r/( F n ,)i = fw^^'trn-m), 

(3-8) |N?, ri (G n )| = /g^GT 1 )?^'^" 3 -^, 

(3.9) |Nj, r/ (fl-„)| = /H„,/(?- 1 )? E ^ Pl ^ nJ1 )-^)- 



Proof. We write pi t : Nj (G) — > Wij(o) for the map given by reduction of entries 
modulo q r n. We first prove §37fl). There are | Alt 2n+5i2(n _ ii) (Fg)|g( ri i" 1 )(( 2n 2 +5 )~( 2l 2 + ')) 
matrices in />j ; (N° r (-Fn,<0)- Each such matrix has 

„tei6/,i<i; ri ) (( 2 ™2 H *) - ( 2 + ))|l\I° f F. A\ 



J? 



nj q -2 
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lifts to a matrix in N° ri {F n ^). By (|3.2j) we thus get 
m tFl (F n! s)\ = | Alt 2n+5 , 2M (F ? )|g^ 

Working recursively in this way, we obtain 

W, ri (Fn,s)\ = n (^) 2 (^ 2fe+5) - 1 ;^ 2 ) lj+1 -^-^ Eie ^ l ^ ri)((2ni+r(2 ^ )) 

Next we prove (p£g]) . There are | Mat^n-i^F^JIgK" 1 )^ 2 -*?) matrices in Pij(N5 >r/ (G n )). 
Each such matrix has 

lifts to a matrix in N° r (G n ). By (|3.3p we thus get 

|Nj ir ,(G„)| = iMaW^F,)!^- 1 )^"^)^^^^^^^)! 

Working recursively in this way, we obtain 

„-_i V ? i /o-i 



1 A- 

Finally we prove (|3.9j) . There are \ Sym n ^ n _ ii (¥ q )\q^ r 'i~ 1 ^^ 2 ) _ ( ( 2 )) matrices in 
Pi,(N° (iT n )). Each such matrix has 

(Ei6/,«i7 r (("2 )~C ! 2 ))|n° f7T M 

lifts to a matrix in NJ r (H n ). By (|3.4p we thus get 

|N? iri (H„)| = |Sym„ i „_ i ,(F,)| g C- 1 )(("i 1 )-(\ +1 ))|N; U(l ,,. A(>|} (iJ (l )| 

=b-^- 2 )r ( L W / 2 j('- , '-^«- 1 )»-^ K(( " ,) - (, '" )) iNK {il) , rn( ,, ) (^)i. 

Working recursively in this way, we obtain 

W, ri (H n )\ = U(q- 2 -,q-%) f2] (q-^^ 
i=i 

and the proposition is proved. □ 
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Remark 3.5. An alternative approach to the proof of Proposition 13.41 is to observe that 
suitable groups act on the sets N° r (G) - viewed as subsets of Mat r (o/p Ar ) - with few 
orbits. For example, the group GL2 n +s(o) acts transitively on each of the sets N° Tl (F n> s), 
viewed as sets of antisymmetric (2n + <5) x (2n + 5)-matrices, via simultaneous row- and 
column-operations, that is via the action (g,x) i— >• gxg 1 , reducing the computations 
of the numbers |N° r (F n> s)\ to stabiliser computations. A similar argument works for 
the groups of type G. For groups of type 77, however, this approach leads one to 
consider equivalence classes of quadratic forms over compact discrete valuation rings of 
characteristic zero. This is straightforward if the residue field characteristic is odd, but 
much more complicated if p = 2, obscuring the fact that the resulting formula (|3.9p 
holds uniformly for all p. A similar phenomenon seems to occur in the computation 
of the integral (|6,3p over the relative invariant of the prehomogeneous vector space of 
symmetric matrices; cf. the remark on the bottom of p. 177 in [20] . 

We now finish the proof of Theorem O For ( tFn s ( )(s) we obtain, by (|3.1[) and (|3.7p . 

= E fe,„,(<r') E ^"«^H".")-m.) 

/C[n-l]o rjSN-f 
- fFn,S,l(.1 (2n+6}_(2i+S\_ ( ■ 

jc[n-i] iei 1 - Q [ 2 ' { 2 ' ( ] 

Similarly we obtain the following formulae for Cg„(o)( s ) an d Ch„(o){ s ) by combining (|3.ip 
with (|3.8p and (|3.9|) . respectively: 

qTi' 2 ~i 2 — (n—i)s 

Cg„(o)( s )= 2 fG n ,i{<r l ) n x _ rt 2_ j2 _ (w _ i)s , 

/C[n-1] iel y 



_ 1 _ ri-Ci'HM. 

Ci7 n (o)( s )= 2^ /-Hn,A9 )H 



7C[n-l]o »e/ 1 ~ 9 y 2 ' y 2 J 

This concludes the proof of Theorem O 



4. A MULTINOMIAL-TYPE IDENTITY AND SIGNED PERMUTATION STATISTICS 

In this section we prove Proposition 11.51 express the polynomials fp nS j(X) and 
fc n ,i(X) defined in (j3.5j) and (j3.6[) in terms of generating functions over descent classes 
in Weyl groups of type B, and compute a number of joint distribution of statistics on 
Weyl groups of types B and A. We remark that Proposition II . 51 may well have a proof in 
the context of basis hypergeometric series. It resembles, for instance, the g-multinomial 
theorem; cf. \15\ Exercise 1.3(h)]. Lacking a suitable reference, we prove it here directly. 

4.1. Proof of Proposition 11.51 On several occasions we will use the bijections 

(4.1) {I | I C [n - 1 - j}} < — ► {I Q[n- 1] | min{/ U {n}} = j} 

7 i— ► Jo + j, 
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for j € [n — l]o- We will also make use of the following, easily verifiable identities: 
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h+jJx \jJx\ 1 



(4-2) [" .) =( n ) ( n T J ) , forje [n-l] ,/C [n - 1 - j], 



x 



< 43) (»-/),= (?),• fOl/£W0 ' 

(4.4) Q = Q for j € [„- 1]„. 

The following is known as the g-binomial theorem. 
Lemma 4.1. For n E N we /lave 

(ZY;X) n = V f n ) ZHZ;X) n ^ J (Y;X) j . 

Proof. See, for example, [14, Formula 1.16]. □ 

We begin by proving a special case of Proposition 11.51 We set, for n £ N, 

A n (X,Z):= Y, (f) WMX'ZT-^ 

ZC[n-l] ^ ' x 1 iel 

B n (X,Y,Z):= Yl (j) (FX-^-^X-Vnn^^)^)- 

7C[n-l] ^ 7 X 1 ief 

Note that ^(X, Z) := B n (X, 0, Z)(l - Z n ). 
Proposition 4.2. For n G N we have 

1 — 7 n /tA 

v ' ; /C[n-1] V 7 X i£/ 

Proof. We prove the first equation by induction on n. For n = 1, we have 

Suppose now that n > 1 and that the assertion holds for all m < n. The key idea 
for the proof is to re-organise the sum defining A n according to the minima of the 
indexing subsets. Using the bijections (|4.ip . identity (|4.2p . the induction hypothesis 
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and identity (I4.4p we obtain 

3=1 /c[ n -l] ^ ' x 1 iel 

min{/U{n}}=j 



!+e e L" ■) , n h***)-) 
»+£'(") , e (V) , n b.«^^ 

j=l V/X 1 ic[n-l-j] V /x iela+j 

i=1 U/jf-i 7 c[n-i-i] V J '^iei 

n-l x v 

i+E n gpi^^r^Mn-^x,^^) 



.7 
n 



E 



j 



Writing this expression for A n (X, Z) on the common denominator (Z;X) n , we obtain 

A n (X,Z)(Z;X) n = J2( n ) Z n -^Z;X) j = -Z n + J2( n ) Z n ~\Z-X) r 
j=l V/ X j=0 V?/ X 

Changing j to n — j and applying Lemma 14.11 with Y = yields 

±( n ) Z^{ Z] X) 3 =±( n \ ZMZ:.V)„, ,. 

Thus 

1 _ 7« 

Ax^, Z) 



(Z;X) n 

The second equation in (|4.5p follows from the first equation, by changing i to n — i and 
using (Oil. □ 



We now prove Proposition II . 51 in general. We organise the sum defining 23 n according 
to the minima of the indexing subsets. For j G [n]o, let 



S n ,,(X,Z):= £ (") H g p((X*ZT-*). 
We claim that, for all j € [n]o, 



JC[n-l] A teJ 

min{/U{n}}=j 
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This clearly holds for j = n, so assume j S [n — 1]q. Due to the bijections (14. If) and the 
identities flM]), ([33]), and flHD, we have 



Snj(X,Z)= (rl) II gP(( X ^) n ") 

/C[n-l-i] V0+ - 7/ ^- 1 J G/0+J 

'*) x £ (V) , n 



7C[n-l-j] v 7 ielo+j 

n 



f/ gp((X3ZT~3)A n - 3 (X,X3Z) 



jJx-l ' (XlZ-X)n- 3 

n\ Z n -i 



j) x {XiZ;X) n ^ 
establishing (|4.6D . This yields 



n-j 



j=0 

Writing this expression for B n (X, Y, Z) on the common denominator (Z; X) n , we obtain 
(4.8) B n (X,Y,Z)(Z;X) n = f2( n ) (yr^ 1 ^- 1 )^^^^. 

Using the identities 

(yj-^ 1 ;!- 1 )^ = (x-"y ; x)„_ i; 

for j e [n- l]o, changing j to n — j and applying Lemma [4. II with Y replaced by X~ n Y, 
we can rewrite the right-hand side of (|4,8p as 

V ( n ) Z^(Z-X) n ^{X- n Y ] X) j = (X- n YZ;X) n . 
This proves Proposition 11,51 

Remark 4.3. Given a T-group G, its subgroup zeta function is defined as the Dirichlet 
series 

C£(*):= £ |G:^r S , 

where s is a complex variable and the sum ranges over the subgroups of G of finite index; 
cf. |30t Chapter 15]. It is well known that the zeta function of G = TU 1 equals 

n— 1 -. 

<&oo= nc(*-*)= n 7^r= n ^( P ,o, P -% 

i=0 p prime ' ' p prime 

where £(s) is the Riemann zeta function; see, for instance, [301 Theorem 51.1]. The 
expression of the local zeta function of Cz n ( s ) ™ t erms of a sum, like the one defining 
the function B n , illustrates a general approach to the study of local (subgroup and 
representation) zeta functions of T-groups developed in [42J. 
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4.2. Some Weyl group generating functions. Our main source for background ma- 
terial on Coxeter groups is [6]. Let (W,S) be a finite Coxeter system, consisting of a 
finite Coxeter group W and a set S of Coxeter generators for W. For w G W, the length 
of w, denoted by l(w), is the minimal length of a word in elements of S representing w. 
Recall that the (right) descent set of w is defined as 

D(w) := {s G S | l(ws) < l(w)}. 

For L C S, we denote by Wi = (I) the corresponding standard parabolic subgroup of W. 
We also have the so-called quotient 

(4.9) W 1 := {w G W | D(w) C / c }. 

The quotient VF 7 is the collection of the unique coset representatives of Wj of shortest 
length. 

Consider now, specifically, Weyl groups of type B. Let n G N. Recall that we defined 
the group B n as the group of all bijections w of the set [±n]o such that, for all a G [±n]o, 
a) = —w(a). Such bijections are determined by their values on the positive integers 
up to n, and thus B n may be viewed as the group of signed permutations, that is 
monomial matrices with non-zero entries in {—1, 1}. We write w = [a±, . . . , a n ] to mean 
that, for i G [n], w(i) = Oj. By S = {so, si, . . . , s n -i} we denote the set of standard 
Coxeter generators of B n , that is Sj = [1, . . . , i — 1, i + 1, i, i + 2, . . . , n] for i G [n — 1] and 
so = [—1,2, . . . ,n]. We frequently identify 5 with the interval [n — 1]q in the obvious 
way. Given w G B n , we define neg(u>) := G [n] | w(i) < 0}. 

Lemma 4.4. Let (W,S) be a finite Coxeter system, r G N, and let Yi,...,Y r and 
Zi,i G S, be independent variables. Let h w (Y) = h w (Yi, . . . ,Y r ), w G W , be polynomials 
in Q[Yi, . . . , Y r ] . Then the following identity holds: 

Proof. This is an easy application of the inclusion-exclusion principle. □ 
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4.2.1. Joint distribution of (I, neg) over descent classes of B n . 

Lemma 4.5 (Reiner). For n G N and / = {ii, . . . ,ij}< C [n — 1] we /iaue 

(4.10) X^Y™^ = r) (-YX h+1 ;X) n - il . 

Proof. This is proved by Reiner in [34} Lemma 3.1]; we just need to translate between 
Reiner's notation and ours. First, note that Reiner uses 'inv' to denote the length 
function I on B n . Recall that we set Iq = 0, and, for j G {0, 1, . . . , I}, 

(4.11) fij = - ij. 

The relations (|4.1ip provide the transition between Reiner's sets S = {fif., . . . , 

Mfc + • • • + Ml} ^ M an d our sets I C [n — l]o- Moreover, [io = i\. Given S C [n], an 
element w G i? n satisfies Reiner's relation L D(w) C 5' if and only if it satisfies D(w) C J, 
which is, by (|4.9p . equivalent tow£ i? 7C . From [341 Lemma 3.1] and formula (2) in its 
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proof we thus obtain, partly in the notation of |34j . 

V- x i(w) Y ne g (w) = Wy,x = (-XY ; X) n [n]\ x 

^ " " [AofcNbf ••>/]!* (-XY;X)^} X \[^]\ X ■ ■ • [ w ]! x 



— {-YX n+1 ; X) n ^i — — — J j' X — f — — — ( J (-YX tl+1 - 1 X) n - il . 

l«iJxU*2 - ny-x ■ ■ ■ [n - hy-x \lJx 

□ 

Proposition 4.6. Let n S N, 5 £ {0, 1} and let I CI [n — 1}q. The polynomials fp n s ,i(X) 
and fc n ,l{X) defined in (13. 5h and (13. 6p satisfy the following identities: 

f p ^ T (X) = ^ (_;Qneg(™)j£-(2Z+(2<5-l)neg)(w)^ 

f Gn Ax)= Yl (-ir s{w) x l{w) . 

WEBZ C 

Proof. Replace (X,Y) in (liTTUD by (X 2 , -X 2 ^ 1 ) in type F and by {X, -1) in type G. 

□ 

4.2.2. Proof and discussion of Proposition \1. 7\ We recall that by Proposition 11.51 we 
have 

B n (X,Y,Z) d ^ £ (") yi (rX-^ 1 ;X- 1 ) T1 _ ti ngp((^^) = {X '[l Z x) l )n 



/C[n-l]o v ' X * *eJ 



and by Lemma 14.51 we have, for all / C [rt — 1] , 



(i) {-YX-^-X- 1 )^^ X-^Y* 



^neg(iu) 

Therefore Lemma HTH with (W, S) = (B n , {so, . . . , implies that 

Z^A, ' ^ " n n-l (1 _ (Xn+ , Z) n-,) " 11 1 _ 

Hence 

(4.12) ^ x (*-l)Mync R (w) yrmaifto) = JJ (j + - CX^+'Z)"- 1 ) ^ 

w£B n i=0 

concluding the proof of Proposition 11.71 

We see Proposition 11.71 in the context of a number of results in the literature which 
establish multivariate generating functions describing the joint distributions of various 
statistics on finite Weyl groups, sometimes 'twisted' by 1-dimensional representations; 
see, for example, [331 ESI E] . For instance we observe that setting X = 1 in (14. 121) yields 
a special case of [35, Theorem 3.2]. Upon setting Y = Z = 1 in (I4.12p we recover |41|. 
Theorem 1.1] for Weyl groups of type B. In its generality, the latter result describes the 
generating function X( a ~ 1 >^' W ' for a finite Weyl group W in terms of the simple 

root coordinates hi and the Weyl group's exponents. A twisted version of this result for 
Weyl groups of type B is the following. 
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Corollary 4.7. 

(_l)neg(w)j£-(<T-Z)(w) _ q 

w£B„ 

Proof. Set Y = -1 and Z = 1 in p2)l , □ 

Analysing our formulae for A n (X, Z) yields formulae over Weyl groups of type A 
which are similar to (|4.12p . In the case of the Weyl group W = S n , with Coxeter 
generating set S = (si, . . . , s n -i) comprising the standard transpositions, the simple 
root coordinates 6j, i £ [n — 1], defined in Section [1] are given by hi = i(n — i); cf. [HJ 
Remark 1.5] or [8] Plate I]. Therefore 

(4.13) a(w) = h = ~~ *)> ^ or w e ^n- 

i<=D(w) i£D(w) 

Here we identified the generating set 5 with the interval [n — 1] in the obvious way. The 
statistics maj and rmaj on S n are defined by setting, for w G 5 n , maj(io) = J2ieD(w) * 
and rmaj(w) = X^eDf-u;) ( n ~~ *)> respectively. 

Proposition 4.8. 

" _1 1 - {x i z) n ~ i 



(4.14) ^ x^ cr_ '^ w '^Z ma j^' ) = X^^^ ^ rma J( w ) = I 

Proof. By (|4.5|) we have 

a(x,z)= ^ (f) Hgp( x4(n " )z " 



IC[n-l] K ' A iel 
and by |38|. Proposition 1.3.17] we have, for I Q [n — 1], 



1-Z n 
(Z;X) n ' 



n 



Therefore Lemma liT4"l with (W, S) = (S n , {si, . . . , s n _i}), implies that 



A(^,^) 



nr=7 (i - (x^zy) nr=i (i - c^-*^) 

and so 

w£S n i=l i=0 



The equality involving rmaj follow similarly, using the second equality in (|4.5p . □ 

Note that setting X = 1 in (I4.14p yields the Poincare polynomial of S n , reflecting 
the well-known facts that the statistics maj and rmaj on S n are Mahonian, that is 
equidistributed with the length function I. Setting Z = 1 reproduces [HI Remark 1.5]. 
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5. Proof of Theorem [B] 

5.1. Proof of Theorem [Bj. We start by proving the formulae for the zeta functions of 
groups of type F and G given in (11.6P and (jl.7p . Considering the Euler product (II. 4j) . 
it clearly suffices to establish the following result. 



Proposition 5.1. For every non-zero prime ideal p ofO, with \0 : p\ = q, say, we have 
(5-1) C/.;,,(o,)(*) 



>Fn,s(Opn t, J f q 2(n+S)-l-s.q2\' 

(5-2) C Gn{ o P )(s) = 

Proof. By Theorem [Cj we have 



JC[n-l] ^ A 2 ieJ 
W')= E (r) (?- il - 1 ;9- 1 )^Il8P(? (n ^ )(B - 4) )- 



JC[n-l] v ' 9 iei 

Thus Cf„,,(O p )00 = En^-^+W^- 1 -*) and Cg„(O p )( s ) = B n(<l, hq n ~ s ), and the 
claim follows from Proposition 11.51 □ 

The rest of this section is dedicated to proving the formulae for the zeta functions 
of groups of type H given in (jl.8p . Short of direct proof akin to the proof of Proposi- 
tion 15.11 we reduce type H to type F; cf. Proposition 15.31 For this result we need some 
preparation. 

Recall that n = 2m + e G N with e € {0, 1}, that we write I = {i\, . . . ,i[}< C [n — 1]q 
and J = {ji, . . . C [m — l]o for subsets of [n — l]o and [m — l]o, respectively, and 
the conventions that io = and = n. We define 

and 

(5.3) X t := X^Hn) := gCTHTH™-^ for i £ [n - 1] . 

Given I C [n - l]o we write 11/ for FJ i6j gp(Xj(.ff n )). 

Theorem ICl represents the local factor Cff„(o p )( s ) as a sum, indexed by the subsets 
of [n— l]o- It is advantageous to organise this sum according to the fibres of the surjective 
'bisection map' <p, defined as follows. We set 



■ 2 [»-l]o _^ 2 [ m - 1 ]°, / .— ► | [ l + 1 2 £ ] \ {m}. 



We note that the 'doubling map' 2^ m ~ l ^° — > 2^^°, J h-> 2J + e, is a section of this map, 
so each fibre (p~ l {J) contains the set 2 J + e C [n — 1] . The proof of Proposition [57 
hinges on the following technical result. Its proof will occupy the bulk of this section. 

Lemma 5.2. For all J C [m — l]o we have 

(5.4) E = + («)gP(^«-i)) WIW = ^^ /2j +£ n 2J+£ . 
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Informally speaking, Lemma 15.21 'eliminates' occurrences of the terms Xi, where i E 
[n — 2]o \ (2[m — 1]q + e), and simplifies the sum with roughly 3^ J \ terms on the left hand 
side of (l5~4"l) . 

Proof. The second equation in (|5.4p is clear. The proof of the first equation requires 
slightly different arguments in the cases e = and e = 1. Nevertheless we treat both 
cases in parallel. We start with an observation in the case e = 0. Let J C [m — 1]q. We 
note that, if e = 0, we have € J if and only if € / for all / € y? _1 ( J). We claim that 
we may, without loss of generality, assume in this case that J. Indeed, if € J, we 
write J = {0} U J', where J' = J \ {0}, and similarly, for each I € ip~ l (J), we write 
/ = {Oj-UT 7 , where I' = I\{0}. Set j[ := min{ J' U {m}}. It now suffices to observe that 
for all / C y3 _1 (J) (including the set / = 2 J) one has // = (q~ 1 ',q~ 2 )j> i fi>- Therefore if 
(I5.4p holds for J' it also holds for J. Indeed, we then have 

^2 f I U I = (q- 1 ;q-\gp(X ) £ / 7 II 7 
iGp -1 (J) ietp- 1 ^') 

= (g _1 ;?" 2 )ii gp(^o) (i + (n)gp(x n ^)) f 2 j,n 2JI 

(5.5) = (1 + (n)gp(X n _!)) f 2J U 2J . 

We thus assume henceforth that J if e = 0. 

We return to the general situation with e G {0, 1}. A key role in the proof is played 
by the relations 

(5.6) X 2j+£ _! = q-^ m -^X 2j+£ X n - X , j G {1 — £,..., m — 1}, 

which are immediate from the definitions (j5.3f) . The validity of Lemma [5.21 depends only 
on these relations, and not on the particular 'numerical data' (Xi). The first equation 
of (|5.4|) is thus equivalent to an equality in the quotient of the ring Z[q~ , X±, . . . , X n -i] 
by the ideal generated by the relations f)5.6[) . The independence from the precise nu- 
merical data (Xi) is used in an inductive argument later in the proof. 

We prove Lemma 15.21 by induction on \J\. We first deal with the special case J = 0, 
the base for our induction. It is clear that (/?~ 1 (0) = {0, {n — 1}} and easily checked 
that fz = l and // n _n = (n), so that 

(5-7) 52 f lUl = f + /{n-l}gP(*«-l) = 1 + fe)gp(^n-l) 

as claimed. 

Assume now that k = \ J\ > 1 and write J = {ji, . . . ,jk}<- Note that, by assumption, 
ji > if e = 0. Our strategy is to split up the fibre 93 _1 (J) into three disjoint sets of 
equal size 2 • 3 fc_1 , according to the intersection with T\ := {2ji + e — 1, 2ji + e}. We 
define 

li = {le ip- 1 (J) \inT 1 = {2j! + e}}, 

X 2 = {/ G p-i(j) | in T a = {2j! + e - 1, 2jx + e}}, 

i 3 = {/efV) | / nTi = {2ji + e-i}}. 
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Hence <p~ l {J) = T\ U X 2 U X 3 , as I n 7i ^ for all I G ^"H- 7 )- For r G {1, 2, 3} we set 
Sr = I]/GX r so that Sje^-i(j) = 5i + 5 2 + 5 3 . We claim that 

(5.8) 5i = / 2 j +£ n 2J+e (l + ( 2(m- ji) )gp(X w _i)) , 

(5.9) S 2 = ( 2ji + £ ) gP (X2 7 - 1+e -i)«Si, 

(5.10) S 3 = / 2 j+ £ ( 2ji + g )gp(X 2il+£ - 1 )n 2(J \ {il})+£ (1 + gp(X n _i)) . 
To prove (|5.8p we note that for all 7 € Ii we have 

and hence 



2ii + E; ? _r 



5l = ( 2i r+,) 3 - 1J 5/ 2( ^ l) ' / - 2il - £lI/ 

. ) f2(m-j 1 ),2J-2j 1 n 2J+e (l + (2(m-ii))gp(X n _i)) 



<? _1 /eXi 

n 

/ 2J+e n 2J+£ f 1 + (2(m - ii))gp(X„_ 1 ) 



Here, the second equality uses the induction hypothesis for J — j\ C [m — j\ — 1]q, e = 0. 

This is justified as the terms Xi(H n ) for 2ji +e < i < n satisfy the same relations given 

by (|5.6p as the terms Xi{H 2 ( rn -j 1 )) for < i < 2(m— ji), and because \(J—ji) PlN| < fc. 
To prove (|5.9p it suffices to observe that for all I G 2~ 2 we have // = (2ji + s)fi\{2j 1 + £ -i}- 
To prove (|5.10j) we proceed by a second induction on |J| = fc, the induction base 

k = 1 being a straightforward computation which we leave to the reader. If k > 1 we 

partition the set Z 3 . We let T 2 = {2j 2 + e — 1, 2j 2 + e} and define 

23,1 = {/ G Z 3 | / n T 2 = {2j 2 + e - 1}}, 

^3,2 = {/ G Z 3 | / n T 2 = {2j 2 + £ - 1, 2j 2 + e}}, 

X 3i3 = {/ G Z 3 | / n T 2 = {2j 2 + e}}. 

Note that I n T 2 / for all 7 G J 3 . For r G {1, 2, 3} we set 5 3 , r = E/ G x 3 r /^ n ^ so that 
<?3 = <S 3 i + <S 3 2 + S3 3. We claim that 



(5.11) 5 3 ,i = f 2 j+ e ( 2ji + £ )gp(X 2il+E _ 1 )n 2(A{j - l})+£ (l + ( 2(m-j 2 ) )gp(X w _i)j , 

(5.12) 5 3j2 = gp(X 2i2+£ _i)5 3j i, 

(5.13) <S 3j3 = / 2J+£ ( 2ji +e )gp(X 2 . h+£ „i) gp(X 2i2+£ _i)n 2(J \ {il j2})+£ (1 + gp(X n _i)) . 
To prove (|5.1ip we observe that for all I G X 3j i we have 

(5.14) fj = fwi^jiq- 2 ^ 1 ; q- 2 ) j2 - n (2ji) ( J2 ) if a = 0, 

VI/ q-2 

(5.15) fj = / A{2il} (?- 2 ^- 1 ; g- 2 ), 7 - a -. 7 - 1 ( 2j 2 + l ) f J2 ) if e = 1. 
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Furthermore, for all J C [m — l]o we have 



(5.16) hj = f 2 j\2 {jl} (q- 2jl - 1 ;q- 2 )n-n (?) 

VI/ g-2 

(5.17) / 2J+1 = f2(j\2{ jl })+i{q~ 2jl ~ 1 ;<i~ 2 )h-j 1 (^) _ 2 (2^T)' 

so that if e = we have, using ([BTiljl . (pT8j) for J \ {ji}, and ([5TT6]) . 

«5 3 ,i = (9" 2jl_1 ;9~ 2 )j 2 -ji(?2i)(?) gp(X 2jl _i) ^ /A{2ii-i} n A{2ii-i} 



l + (2(m-i 2 ))gp(X n _ 1 ) > 



= / 2 j(2ji)gp(X 2il _ 1 )n 2(A{jl}) (1 + ( 2(m-j 2 ) )gp(*n-i) J , 
as claimed. If £ = 1 we have, using (15.15p . ()5.8|) for J \ {ji}, and (I5.17|) . 

5 3 ,i = (g- 2jl - 1 ;g- 2 ),- ? - 7 - 1 ( 2j 2 + ! )(?) gp(X 2jl ) %} n W 

Vl/ O -2 fcT. . 



(g-^- 1 ; g- 2 ) j2 _ 71 ( 2j 2 + l ) M gp(X 2jl )/ 2A20l}+1 n 2(A{il})+1 - 

Vl/g-2 



1 + ( 2(m- j 2 ) )gp(X w _i) 
= / 2 j+i( 2ji + l )gp(X 2il )n 2(A{il})+1 (l + ( 2(m-j 2 ) )gp(X n _ 1 )) , 

as claimed. This establishes (|5.1ip . 

To prove (|5.12p it suffices to observe that for all I £ X^ j2 we have fj = fi\{2j 2 +e-i}- 
To prove (|5,13p we note that for all / € X3 3 we have 

(5.18) U = h\ { 2n-i}{q- 2h -\q- 2 )n- h (?) if e = 0, 

(5.19) /, = / A{2il} (g- 2il - x ; <T 2 ) jWl ( J . 2 ) if e = 1, 

VVg-2 

Hence, if e = we have, using (|5.18p . the second induction hypothesis for the for- 
mula ([5TXJD for S 3 (for J \ {ji}, e = 0), and EIB| . 

5 3l3 = (3~ 2il_1 ;?" 2 )i a -ix(?) tM^^- 1 ) /A{2i!-i} n A{2ji-i} 

= (g- 2 - 1 ;rt 2 - i /^ ® 



jlj q-2 ( 2j 2 ) 



gp(x 2il _i)/ 2A2{il} (2^)gp(x 2i2 _i)n 2(A{jlj2}) (1 + g P (x n _i)) 
= /2j(2ji)gp(x 2il _i) gp(x 2i2 _i)n 2(A{ilj2}) (1 + gp(x n _i)) , 
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as claimed. If e = 1 we have, using (15. 19ft . the second induction hypothesis for the 
formula (foTTUI) for S 3 (for J \ {jx}, e = 1), and (|5T7|I . 



(r^ -1 ; gp(^) £ Mrf 

(g- 2il - 1 ; ? - 2 ) i2 - il ff) g P (X 2il )- 



9" 

/2(j\{j 1 })+i(2i2jM)gp(x 2 j 2 )n 2 (j\{i 1 ,i 2 })+i (i + gp(x n _i)) 
= /2j+i( 2ji + i )gp(x 2jl )gp(x 2i2 )n 2(J \ {ilj2})+1 (i + gp(x n _i)) , 

as claimed. This establishes (|5.13p . 

It remains to simplify the sums S31 + ^3 2 + £33 and S = Si + 5 2 + £3. For both 
calculations we use the following direct consequence of the relations f|5 . 6|) : for all j £ 
{1 + e, . . . , m — 1} we have 

(5.20) gp(X 2i+e _ 1 ) (l + gp(X 2i+e ) + gp(X n _!) + (2(m - j) )gp(X 2i+£ )gp(X n _ 1 ) 

g-Wgp^lgp^i). 

Thus, using (|5.20p for j = j 2 , we have 
•S3 = ^3,1 + <?3,2 + <?3,3 

= /2j+ £ ( 2ji + g )gp(X 2jl+£ _i)n 2(A{jlj2})+£ (gp(Xy 2+£ )(l + (2(m-j 2 ) )gp(X n _i))+ 
gp(^2i 2+£ -i) (l + gp(X 2i2+£ ) + gp(X n _i) + ( 2(m - j 2 ) )gp(X 2j2+£ )gp(X n _i; 

= / 2J+£ ( 2ji + g )gp(x 2n+£ _i)n 2(JU? - 1 | )+£ - 



1 + (2(m - j 2 ))gp(X„_i) + g- 2{m " J2) gp(X 



n— 1 , 



= /2J+e( 2jl + g )gp(X 2?1+£ -i)n 2(JU?1 | )+£ (1 + gp(X„_l)) 

as claimed in (|5,10p . 

It remains to simplify the sum S± + <S 2 + 1S3. Using (|5.20p for j = ji, we obtain 



S = S 1 +S 2 +S 3 = / 2 j +£ n 2(J \ {jl})+£ (gp(X 2il+£ )(l + ( 2(m - ji) )gp(X w _i))+ 
( 2ji + g )gp(X 2 j 1+e -i) (1 + gp(X 2jl+£ ) + gp(X n _!)+ 
(2(m - ji))gp(X 2jl+£ )gp(X n -i^ 



= / 2 J+ £ n 2J+£ (l + ( 2(m-ji) )gp(X w _i) + ( 2j 1 +g )g- 2 ( m -^)gp(X n _ 1 )) 
= / 2J+£ n 2J+£ (1 + (n)gp(X n _i)) . 
This concludes the proof of the lemma. □ 

Given the Euler product (|1.4p . the multiplicative formulae (|1.8p for C_ff n (O p )( s ) given 
in Theorem iBl now follow easily from the following result. 

Proposition 5.3. For n = 2m + e E N with e G {0, 1}, we have 



2-2s 2\ 
1 H )m 



t ,.\ _ Cx,p(g~n) A _ 1-g ; (g .m /-» 
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Proof. The second equality is, of course, Proposition ^. 11 with (n,5) replaced by (m,e). 
We prove the first equality. By Theorem [UJ with (n,S) replaced by (m,e), we have 

CF m , e (o p )(s) = E fF m ^,j{Q' l )Ws?{Xj{F m ^)), 
JC[m-l] jeJ 

where Xj(F m)E ) = q( 2m 2 E )-{ 2 T)~^-j) s . It follows from Definition S3 that, for all 
J c [m- 1] , 

and, for all j £ [m — l]o, 

V IT? M „( 2m 9 +£ )-(% +£ )-(2s-2)(m-j) 

= g ( 2m 2 +£ )+2m+ e -((%+ £ )+2j+ e )~2 S (m~i) 

= (? ( 2m+ 2 1+£ )-( 2j+ 2 1+£ )-^(— J ) 
= X2j+ £ {H n ). 

We thus have, by Theorem ICl and Lemma 15.21 

(H n (O p )(s)= E /ff»,/(?" 1 )IIs>( X i( fl «)) 

rc[n-i] ie/ 

= E E /flw^fe-'JllKP^W) 

jc[m-i]o/ev _1 (J) »e/ 
= (1 + (n)gp(X n _i(£T n ))) E fu^j+Sl" 1 ) II gP(^2 i+£ (^„)) 

JC[m-l] jeJ 

1 - <r s 



E f^A^ 1 ) ngP(^(^)l^ S -2) 



1 - o n -' 

= Ck"j>(« - ra )Ci^, P ('S)~ 1 CF m , e (ci p )(2s - 2). 
This proves the proposition. □ 

This concludes the proof of Theorem [Bj 
Corollary 5.4. For n = 2m + e G N mt/t e G {0, 1}, we have 

E (n(*- 4 ;*- 4 )ui/ 2 j ) (x- 2{ll+1) -^- 2 )n-nX{gv({x l zT-*) 

IC[n-l] \i=l / ie/ 

1 - X-"- 1 ^ (X 2 (-" +1 )Z 2 ; X 4 ) m 



l-X™- 1 ^ (X e Z 2 ;X 4 ) m 

Proof. For X = g 1 / 2 and Z = g( n + 1 )/ 2_s the identity follows from Theorem [Cl together 
with Proposition 15.31 As it holds for infinitely many values of q and s, it therefore holds 
as a formal identity. □ 

Corollary 15.41 is analogous to Proposition 11.51 The identity was found by working 
backwards from Proposition 15.31 and Theorem O An independent proof of Corollary 15.41 
would yield an alternative proof of Proposition 15.31 similar to the proof of Proposi- 
tion EH 
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5.2. Another generating function on B n . We record a corollary of the existence of 
both 'additive' and 'multiplicative' expressions for the local zeta functions of groups of 
type H, together with Conjecture 11.61 Recall that n = 2m + s £ N, with e € {0, 1}. 

Proposition 5.5. If Conjecture HOI holds then 



j-_ 1 y(w)^(((T+rmaj)/2-L)(w)^rmaj(«i) = (1 Z)(X 2 Z 2 ; X 2 ) m JT ^_^(n-H+l)/2^n-ij 

w€B n (X 2 ( m + e )+ 1 Z 2 ;X 2 ) m . =o 

Proof. Let p be a non-zero prime ideal p of 0, with \0 :p\ = q, say. By Theorem ICl and 
Proposition 15.31 we have 

Cn ni o p) (s)= £ /^(^IISPC^"^"^) 

/C[n-1] 
1-g - 8 { q 2 - 2 *- q 2 ) m 
l- q n-s ( g 2(m+ £ )+l-2 S;g 2) m ' 

and, assuming Conjecture 11.6} we have 

fH n Aq- V ) = (-l) l{w) q- L{w) . 

Therefore Lemma l4~4l with (W, 5) = (_B n , {so, • • • , s n -i}) implies that 

V „ (-l) l ( w )n~ L ^ TT n (("+i+l)/2-s)(n-i) 



Ch„(O p )(») - ^,,-1 



n^f(l - g((«+i+l)/2-s)(n-i)) 



and so 



y(«))^((cr+rmaj)/2-L)(u)) ^-s^rmaj(uj) 
_ ^ (_iy(w)^-i("')+E l 6-D(»)(( n + i )( n - i )+ n - i )/ 2 (g- s )Ei e i5(u,)(™- i ) 



-i(iu) TT ((n+i+l)/2-s)(n-i) 



^ (_l)iM ? -i(«) TJ 

n-1 

' ; '" T| (1 _ 9 ((n+i+l)/2- S )(n-i)> 



l_^n- S ( g 2(jn+e)+l-2*. g 2) r 



i=0 



(1 - g s )(q 2 2s ;q 2 ) m TT/-, _ ((n+i+l)/2-s)(n-i)\ 
(g2(m+£)+1 _ 2S;g2)m Ul 9 r 



This identity holds for infinitely many values of q and s, and hence yields a formal 
identity in variables X = q and Z = q~ s . 

□ 

5.3. Proof of Corollary 11.31 The functional equations in ([T]) follow directly from 
the formulae given in Theorem [Bj and the Euler product for the Dedekind zeta func- 
tion Ck(s); cf. (I1.15p . The abscissae of convergence in ([2]) and the analytical statements 
in (J3|) reflect classical facts about Ck(s), viz. its abscissa of convergence 1 and mero- 
morphic continuation to the whole complex plane with a simple pole at s = 1. The 
asymptotic statements in ([4]) follow from standard Tauberian theorems; cf., for instance, 
[HI Theorem 4.20]. 
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5.4. Jordan's totient functions. We record an interpretation of the zeta functions 
of groups of type F, G and H , described in Theorem [Bj in terms of Jordan's totient 
functions. Given 6, n E N, let Jb(n) be the number of 6-tuples (a±, 02, • • • , a&) of integers 
satisfying 1 < a% < n, for all i, such that gcd(ai, . . . , a&,n) = 1. The function is 
called the 6-th Jordan totient function; cf. [31^ 1.5.2]. Clearly J\ = <p, the Euler totient 
function. 

Lemma 5.6. Let a S No, b € N. The Dirichlet generating series for the arithmetic 
function J a ^ : N — > N,n 1— > n a Jb(n) is YlnLi Ja,b(n)n~ s = £(s — a — b)/((s — a), where 
£(s) is the Riemann zeta function. 

Proof. This follows easily from the fact that, for a prime power p e , e G N, one has 

Mv e ) =p eb (i- P - b ). □ 

We observe that, for G E {F ni g, G n , H n } the zeta function of the group G(Z) is a finite 
product of factors of the form £(s — a — b)/((s — a), for suitable pairs of integers (a, b). 
By Lemma 15.61 the arithmetic function n 1— > rG(Z)( n ) m ay thus be described as a finite 
convolution product of functions of the form J a ^. Over number rings, one may define 
analogues to the functions J a ^ in terms of tuples of coprime ideals, and hence obtain 
analogous expressions for the zeta functions of groups of the form G(0) as suitable 
convolution products. 

6. Analogy with prehomogeneous vector spaces 

The local factors of representation zeta functions of groups of type F, G and H studied 
in this paper bear a striking resemblance to the zeta integrals associated to Igusa local 
zeta functions of certain prehomogeneous vector spaces (PVS). 

An irreducible PVS is a pair (V, G), comprising an n-dimensional complex vector 
space V and a connected algebraic subgroup G of GL(V), acting irreducibly on V with 
a Zariski-dense G-orbit. Irreducible PVS were classified, up to a certain equivalence 
relation, by Kimura and Sato in terms of irreducible, so-called reduced PVS. Associ- 
ated with an irreducible reduced PVS (G, V) there is a 'relatively invariant' irreducible 
polynomial /(x) € C[x\, . . . ,x n ] with the property that V \ / _1 (0) is the Zariski-dense 
G-orbit in V. If / G o[xi, . . . , x n ] for a compact discrete valuation ring of characteristic 
zero then the integral 

Z° f (s)= [ |/(x)| s d/i 

is known as Igusa's local zeta function attached to /. The real parts of the poles of Zj(s) 
are known to be among the zeros of the Bernstein-Sato polynomial bf(s) associated 
to /. The polynomial bf(s) provides a measure of the complexity of the singularities 
of the hypersurface /^ 1 (0). This intriguing interpretation of the real parts of poles of 
the integral Zj(s) is conjectured to hold in a much more general context: If f{x) E 
K[xi, . . . ,x n ], where if is a number field, the Bernstein-Sato polynomial conjecture 
states that, for almost all non-archimedean completions t of K with valuation ring 0, 
say, the real parts of the poles of Zj(s) should be among the zeros of bf(s); cf. [Ml 120] for 
further details on PVS, and [111 Section 7] for details on the Bernstein-Sato polynomial 
conjecture. 

The list of irreducible reduced PVS in the appendix of [24] starts off with three infinite 
families of prehomogeneous vector spaces of generic matrices, viz. the vector spaces 
Mat n (C), Sym n (C) and Alt2n(C), respectively. The associated relative invariants are 
f{X) = det(X),/(X) = det(X) and f{X) = Pf(X), respectively, where Pf(X) denotes 
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the Pfaffian of an antisymmetric matrix X. Let o be a complete discrete valuation ring 
with residue field cardinality q. We continue to write n = 2m + e € N with e € {0, 1}. 
The following formulae for the associated Igusa zeta functions are well known; see, for 
instance, 20, pp. 164, 163, 177]. 

r n—l — 1— 2i 

(6.1) Z Mt2n(B) (s) := / iPfWd,. = II "1-1-2, > 

•/XeAlt 2 „(o) 1 - Q 

~ n—l — 1— i 

(6.2) Z Matn{0) (s) := \det(X)\ s d»=H - 

./XeMatn(o) 1 - 9 

/• 1 _ -(l-£)(s+l)-n 1 _ -l-2i 

(6.3) Z Sym>) ( S ) := / |det(X)|M M = g ]J V 3 _ a ■ 

We observe that, in analogy to Proposition 15.31 we have 

1 _ q -s-Zn-l 

( 6 - 4 ) Z Sym 2n (c) (a) = 1 _ a _i Z Alt2n(o) (2a + 2). 

We are not aware of a conceptional explanation for this identity. 

The group schemes F n g, G n and H n studied in this paper are designed so that the 
commutator matrices associated to their respective Lie rings reflect the prehomogeneous 
vector spaces Alt2n(C), Mat n (C) and Sym n (C), respectively. Theorem |B1 shows that the 
local representation zeta functions associated to groups of type F, G and H closely 
resemble the p-adic integrals (|6.ip . ()6.2|) and (j6.3|) . without being obtainable from these 
integrals by simple transformations of variables. We record an immediate consequence 
of Theorem iBl regarding the poles of the local zeta functions. 

Corollary 6.1. Let G € {F n g, G n , H n }. There exists a finite set P(G) of rational 
numbers such that the following holds. Given a ring of integers O of a number field K, 
and for any non-zero prime ideal p of O, we have 

P(G) = {Re(s) s € C a pole of Cg(O,)0>)}- 
More precisely, we have 

P(F n<5 ) = {2(n + i + S)-l\i€[n- 1] }, 
P(G n ) = {n + i\ ie [n- 1] }, 
P(H n ) = {n,m + i + e + l/2\ie[m- 1] }. 

In other words, the set of real parts of poles of Cg(O p )( s ) is independent of O and p. 
We note further that the sets P(G) defined in Corollary 16.11 are obtained from the 
sets of real parts of the poles of p-adic integral associated to the corresponding PVS 
by translation by the global abscissa of convergence of the relevant representation zeta 
function. Indeed we have, by (|6. 1[) . (|6.2p and (j6.3[) . Corollary 16.11 and (jl.lOp . that for 
all o 

{Re(s) | s £ C a pole of Z Alt2n(o) (s)} = P(F n j) - a(F n>s ), 
{Re(s) [ s G C a pole of Z Matn(o) (s)} = P{G n ) - a(G n ), 
{Re(s) [ s € C a pole of ^s y m n (o)( s )} = P{H n ) ~ a(H n ). 
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As mentioned above, the zeta integrals (16.3f) . ()6.2f) and (|6.3j) are examples of Igusa 
zeta functions which are known to satisfy the Bernstein-Sato-polynomial conjecture. 
More precisely, they are Igusa zeta functions with the property that the real parts of 
the poles of Z{s) are among the zeros of the Bernstein-Sato polynomial 6/(s), with 
pole multiplicities not exceeding the multiplicities of the corresponding zeros. In the 
cases (I6.ip and (|6.2p these sets coincide. In the case f)6.3f) . however, the set of Bernstein- 
Sato zeros is strictly larger: indeed, in this case we have bf(s) = YYl=o( s + (* + 2)/2). 
It strikes us as remarkable that 

{s e C \ b f (s) = 0} = {a(H n ,i)/(n - i) \ i£ [n - 1]„} - a(H n ). 

The rational numbers a(H n ,i)/(n — i) arise as candidate real parts coming from terms 
of the form — Xi), with Xi = q a ( H ™> l )-( n - l ) s . We remark that the numbers that do 

not give rise to real parts of poles come from the variables which cancel in the transition 
from the additive to the multiplicative formulae; cf. Lemma 15.21 

It would be interesting to associate other irreducible prehomogeneous vector spaces 
with finitely generated nilpotent groups. We are presently not aware of any other irre- 
ducible reduced prehomogeneous vector spaces whose geometry is reflected in this way 
in representation zeta functions of T- groups. 
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